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1 Bomnpocsl npeaBapuTeJbHON 9YacT KOJIJIOKBIYMAa

Crucok BOIIPOCOB MPEJIBAPUTEIHLHON YacTH KOJJIOKBHYMAa, OTBET HA KOTOPbIE HEOOXOIWM JIJIsi MOJTOTOBKY K OCHOBHOM
YaCTH.

1.

OmnpejiesieHne HENPEePbIBHOCTU (PYHKIIUU B TOYKeE.

Oyuxius f () HEIPEPbIBHA B TOYKE To, €CJIM OHA OUPEJe]eHa HA HEKOTOPOH OKPEeCTHOCTH Toi Touku u lim f(x) =
Tr—>T0o

f(xo). Apyrumu caosamu, A = f(() 1 crpaBeIMBbI CJIeYIONINE OIIPeIeJeHNsl Tpeiesa QYHKIMA B TOUKE X!
e Ilo Kowu:
Ve>036>0: Vz,0< |z —xo| <0 = |f(z) —A| <e
o Ilo Ietine:

V{z,}: x, € (O](aro), li_{n Tn =20 = lim f(z,)=A

n—oo

. Touku paspbiBa, nxX KJjaccuduKaIiumsi.

Iycrs f(x) oupenenena B HekoTopoii okpectHoctu Us(a) u dbyHkius paspbiBHa B a. Torma 3morT paspbiB sBJSETCS
OJTHUM W3 CJIEJYIOIINX:

o Yemparumuili pa3puie: npejensl f(x) cupasa U cyeBa CyIMECTBYIOT U PABHBI JAPYT JAPYTY, HO OTJIHYAIOTCS OT
3HAYEHUs] (DYHKIUU B UCCIEIYEMOIl TOUKe:

lim f(@)= lim f(x)# f(a)

r—a—0 r—a+0

e Heycmpanumusiii pa3pue nepeozo poda: npejeisl f(x) cupasa U cjieBa CYIIECTBYIOT, HO He PABHBI IPYT IPYIY

o Heycmpanumuili pa3puvie 6mopo2o poda: xors Obl OJMH U3 OJHOCTOPOHHUX IPeesioB f () He cyliecTByer win
paBeH OECKOHETHOCTH.

. Teopema 0 HENPEPBIBHOCTU CJIO>KHOM (DYHKIINH.

Teopema. Ilycrs dbyuxnus g(x) HenpepbiBHa B TOUke ag u pyukuuga f(x) menpepsiBHa B Touke by = ¢g(ap). Torma
dyukius f(g(r)) HenpepbIBHA B TOUKE ag.

. ®opMyIMpPOBKH II€epBOii 1 BTOpoOii TeopeM Beiiepiirrpacca.

Teopema Beitepmirpacca (nepsas) Eciun dynkius f(x) HenpepbiBHA Ha 0Tpe3Ke [a, b], TO OHA OrpaHUYEHA HA 3TOM
OTpe3Ke.

Teopema Beitepmirpacca (Bropasi) HenpepoisHasi Ha orpeske [a,b] dyHKIms f jgocTHraeT Ha HEM CBOMX TOYHBIX
HzKHell 1 BepxHeil rpaueii. To ecTb CyIecTByIOT TaKue TOUYKM 1, Lo € [a,b], Tak uTo mjis joboro x € [a, b, BbIIOJIHI-
I0TCsl HepaBEeHCTBa:

fz1) < f2) < flaz)

. IlousaTue mpon3BoaHOI (DYHKIINHN B TOUYKE.

Pacemorpum byHKIMO, 061aCTh ONpe/IeIeHns KOTOPOH CONEPKUT TOUKY Xo. Torma dyuknus f(x) ssiasercs mudde-
PEHIUPYeMOii B TOUKe Tg, U ee IPOU3BOJHas onpejenserca f/(xg), ecau cieayonuil Ipe/es CyecTByer:

o) = i LT D) = S0)

Teomerpuyeckuii u pusuveckuii CMbICJI TPOU3BOHOMA.

Teomerpudeckuii cMbICJI MPOU3BOAHOM. [IponsBoaHAsS B TOUKE T( paBHA YIJIOBOMY KO3(D(PUIMEHTY KacaTeTHHOM
K rpaduky byukiuu y = f(x) B 910ii TOUKE.

Pusnueckuii cMbICJI Hpou3BOaHOM. Eciin Touka asuzkercs BaoJib ocu OX U ee KOOPAUHATA U3MEHSIETCS 110 3aKOHY
x(t), To MrHOBeHHast CKOpocTh Touku: v(t) = ' (t).
YpaBHeHMe KacaTeJibHOI K rpaduky (pyHKINU B TOYKE.

ITycts mana dbyHknms f, KOTOpas B HEKOTOPOH TOYKE Tp MMEET KOHEYHYIO Npon3Boanyio f(zg). Torma npsmas, mpo-
xojismast yepes Touky (xo; f(x0)), umerommas yriosoit koadduruent f'(xg), HasbIBaeTCA KacaTeIbLHOI.

Urak, nycts jana dynknus y = f(x), koropast umeer npoussoanyio y = f'(x) na orpeske [a,b]. Torja B mo6oit Touxe
xo € (a;b) K rpaduky 10l MDYHKIMU MOXKHO IPOBECTH KACATEJIbHYIO, KOTOPAs 33aeTCs YPABHEHUEM:

y = f'(x0) - (x — x0) + f(x0)

Tlogpobmee TyT


https://ege-ok.ru/2014/02/16/uravnenie-kasatelnoy

8.

10.

11.

12.

14.

Ilousatue muddbepeHnupyemMoctu GYHKIINN B TOYKeE.
Dyuknus f(x) sasisiercst quddepeHnupyemMoii B Touke xo cBoeli obnactu onpenenenust D[f], eciu cymecTByer Takast
KoHCTaHTa A, 9T0:
f(x) = f(zo) + A(z — o) + 0z — x0)
u

A= f'(z9) = lim &: lim M

Az—0 Az om0 T — X

. IIpaBuna guddepennuposanusi (MPOU3BOAHAS CyMMBbl, IPOU3BE/IEHUs, YACTHOTO).

ycrs Gynkuun f(x) u g(x) uMeoT NPOU3BOJAHbIE B TOYKE To. Toraa,

(9 + F)(x0) = ¢'(z0) + f'(20)
(9- ) (x0) = g (x0) - f(w0) + g(w0) - f'(20)

Ecmu g(x0) # 0, TO

<f>/ (o) = f'(xo) - g(xo) — f (o) - g'(w0)

2
g 9(z0)
Dopmysia BIYUCTIEHUsT IIPOU3BOIHON CJIOXKHON (DYHKIHU.

Eciu g(z) nuddepennupyema B Touke o u f(x) nuddepennupyema B Touke yo = g(Zp), TOrma,
(fo9)(zo) = (fg(z0)))" = f'(9(x0)) - ¢ (z0)

TabJsiuiia TPOU3BOAHBIX OCHOBHBIX 3JIEMEHTAPHBIX (DYyHKIIUIA.

flz) | f(=z)
const 0
z? a- o1
a® a®-Ina f(z) ' (z)
e e’ arcsin x L
1—x2
log, lntlz-m arccos 11_932
lnz 1 arctg r Hlxg
sinx Ccos T arcctg x I ij
CcoS T —sinx
tgx 00512 T
Ctg T - sin12 x

Ionsarue nuddepenunana (nepsBoro) dyHKIMU B TOYKE.

Oyuxnus f(z) asuserca nuddepennupyemoii B ToUke xo cBoeil obsactu oupeneienus D]f], ecau cymecrByer rakas
KOHCTaHTa A, 4To:

flx) = flxzo) + Az — o) + 3(z — 20)
A= J'(wo) = Jim f(wo + AA> — f (o)

Torya seipazkenne f'(xg)dz naspBaior muddepentmanom dbynkiuu f(z) B Touke zo. Oboznadenue: df = df (zo,dz).
Ob6parure BHUMaHEE, YTO df 3aBUCUT U OT TOYKHU, U OT dT.

Omnpenesienne JOKaJIbHOrO 3KcTpeMyMa. Heobxoaumoe ycioBue [ijisi BHYTPEHHETO JIOKAJIbHOTO 9KCTPe-
myMma (reopema ®@epwma).

Touka T HA3BIBAETCS TOYKON JIOKATBHOTO MaKCUMyMa (MUHAMYMa) QYHKITAA f, €CJIU CYMIECTBYET TaKasd OKPECTHOCTH
Us(xo) TOoUKHT Z0, 9TO

Vo € Us(zg) = f(z) < f(zo) (mna murnmyma coorserctBenuo f(x) = f(xo))
Z( HA3BIBAETCS TOYKOIl CTPOrOro JIOKAJIBHOIO MaKCUMyMa (MUHUMYMA), €CIII

Vo € Uo];(:zzg) = f(z) < f(xo) (s MmuHEMYMa coorBeTcTBeHHO f () > f(20))



15.

16.

17.

Teopema @epma Eciu GyHKIHS UMeeT B TOUKE JIOKAJIHHOTO IKCTPEMYMa ITPOU3BOIHYIO, TO 3TA MPOU3BOIHAS PABHA
HYJIIO.

Popmyabl Jlarpanxxka u Korimu.

Teopema Jlarpanxka. @opmyna KoHeuHbIx npupaimenuit Eciu byuxius f(z) menpepsiBaa Ha oTpeske [a,b] u
nuddepennupyeMa na uarepsase (a,b), TO B 9TOM HHTEpBaJje CYIIECTBYET XOTs Obl OJHA TOYKA T(, YTO

f(b) = f(a)

b = (o)

Teopema Komu. O6obiaer ¢opmyity KoHeunbix npupainenuii Jlarpamxxka. Ilycrs dyuknuu f(z) u g(z)
HelpepbIBHBI Ha OTpe3ke [a, b] n muddepenrupyembr na unrepsaie (a,b), npudem g'(z) # 0 npu seex = € (a, b). Torma
B 3TOM HHTepBaJle CyIecTByeT TOUKa T = £ TaKas, 4TO

f) = fla) _ [(§)
g(b) —g(a)  g'(§)

Mmuorousien Teiisiopa n ¢popmyna Teiimopa ajist pyHKIUN OQHON epeMeHHOIA.

]:[pe,ZLHO.HO}KI/IM7 YTO UMEEeTCA HEKOTOpad beHKHI/IH f(l') 1 HaJ0 HUCCJIeI0BaTh €€ IIOBEACHUEC B HeKOTOpOﬁ TOYKE T UJIN ee
OKPECTHOCTH. CaMa d)yHKHI/IH MOZKET 6bITb IIpAU 3TOM JI0CTATOIHO CHO}KHOﬁ, U IIO3TOMY HEIIOCPEICTBEHHOE BBIYNCJ/ICHUE

li_)m f(ZC) (KaK opuMep TOro, 9To Mbl XOTUM Y3HaTb O d)yHKLLI/II/I B .Z'O) OKazKeTCd KpaﬁHe TPYAOEMKHM. I/Iﬂeﬂ B TOM,
T—Xo

9T00BI HAWTH Takoil MuorouneH P,(z), uro f(x) ~ P,(r — xo) mpm & — xg, a 3aTeM HCCIeJ0BaTh ero. Paborars ¢
MHOIO*JICHAMH IIPAKTHIECKH BCEr 8 HAMHOI'O HPOIIE.

Ipenonozxum moka, uto zg = 0. Torma P, () = co + c12 4+ cox® + - + c,z™. Po(0) = ¢, a Pl () = c1 + 2com + - +
P;/(0) P (0)
c

nepx™ Y, w3 wero cienyer, aro ¢; = P/ (0). Ilo aHAIOrEE MOXKHO TOJIYHYUTh, YTO Cy = o et = T T.e.
! n!
P(0 (0
nosygaeM, uro P, (z) = P,(0) + #x +o 4 #x”
! n!
Iycts 3f (”)(xo), TOTJIA CIPABEIJIBA (POPMYJIA:
a "(x (n) T N
7o) = fao) + L0 0 gy 4 LD o e LD (1)

Ota dopmysa HaspiBaeTcs popmystoit Teilsiopa n 0OBITHO 3aIIUCHIBACTCS B BUJIE:

n (k) T
f@ =31 e )

OCTATOYHBIN YJIEH

k=0

MHorowieH Teitsopa

Dopmysbr MakiiopeHa OJjisi OCHOBHBIX 3JIEMEHTAPHbBIX (PyHKITAN.
IIpu 2y = 0 dopmyna Teitaopa ¢ ocrarounsim dierHoM B dopme Ileano nassiBaercs dopmystoit Makiaopena

Ipusenem mpumep: f(x) = sinxz. BenmomuuMm, aro

0 ecsm n = 2k
) (g :sin(er@) — (0 :Sin(ﬂ) =7 ’
@) 2 F7(0) 2 (-1)*, ecmmn =2k +1
Torga mostydaem ciieyrornee pas3JjioyKeHne:
. ZE3 £L'5 . x2n71 o
Smx:x*ngE*“'Jr(fl) .m+o(x )
x  x? ™
1. ex:1+ﬁ+§+"'+ﬁ+0(x’),m—>0
2 3 n
2. ln(l—}—x):x—£+£_..._~_(_1)n+1_x7_~_5(xn)’x_>0
2 3 n
" (o
3. (1+z)°‘=1+2( )xk+0(x")
a€cR =1 k
5 3 3\ 2 =2 1 l(1*1)2—2
Hanpumep (1 + )5 — 1= (i)x—l— (;)x +o(z?) = gx—i—%x +o(z*)



i - o . n—1 =(..2n
4. sin(z) ==z 30 + = + (-1 =) o(z*")
e S a2
. e n = n+1
5. cos(z) =1 TR +(-1) )l +o(z°" )
32 Bo, (—4)™(1 — 4™ _
6. tg(z) =o+ % + 1—5x5 o 2 ( (2)n§' ). 2?1 4 5(2* 1Y), rne By, — uncita Beprysum
3
2 -
Ho nocrarouno nomMHUTH, uTO tg(2) = o + % + BxS + 6(:65), T.€. 00ITas hOpMyJIa JIJiss CEMIHAPOB HE HYKHA
. z® 3 5 (2n)! 2n+1 | =(,.2n+1
7. arcsm(z)=x—|—€+@x ++WI +0(33 )
3
3 _
Hocrarouno 3uare arcsin(z) = x + % + 4—0x5 + o(x°)
8. arccos(z) = g — arcsin(x)
3 5 2n—1
0. arctg(v) = ¢ — o+ o o (<) o)

18. IlpaBuso Jlonurass.
Teopema Jlonurass (nepBoe npasuio) Eciau dyskunu f(x) n g(x) Takossl, 410

1. f(z) u g(z) muddepennupyembl B TPOKOIOTOH OKPECTHOCTH TOUKH @
2. lim f(z) = lim g(z) =0
3. ¢'(x) # 0 B okpecrHocTn U

!/
4. Cymecryer lim f/(x)

@) 1)

Torpma cymectrByer lim
z—a g(gc) z—a g’(:z:)

Teopema Jlonurtassi (Bropoe npasuiio) Ecin ns byaxmumit f(z) u g(z) cupaseymso ciemyomiee:

1. f(x) n g(z) nuddepennupyemsl Ha unTepBase (a,b)

2. Jim, 12) = lim a(o) = o

3. ¢'(z) # 0 npu z € (a,b)
/()

4. CymiecrByer mgg}i_o () =A
f=z

/
Torma lim —— = lim '@
r—a+0 g(x) r—a+0 g'(:L')

~—
~—

=A

BOHpOCbI Ha 3HaHHne JO0Ka3aTeJIbCTB

1. Onpegesienue HenpepbiBHOCTHA (hYyHKIMU B TOYKe. TOYKM pa3pbiBa, UX KJaccuuKaius.
Oyukius f(x) HeupepblBHA B TOYKE T, €CJHU OHA OIpejesieHa Ha HEKOTOPOH OKPeCTHOCTH 3Toil Touku lim f(x) =

Tr—T0o
f(xo) ,prFI/HVH/I CJIOBaMu, A == f(.]jo) " CpaBeJIMBbI CJICyIone Opeae/IeHud mpeaesia (byHKI_[I/II/I B TOYKE T(:

e Ilo Kowu:
Ve>030>0: Vz,0< |z —z0| <0 = |f(z) — Al <e
e Ilo Ietine:

V{zn}: x, € TOJ(:EO), lim z, =29 = lim f(z,)=A4
n—oo

n—oo
Kunaccunudxkanmusi pa3pbIiBOB:
ITycrs f(x) onpenenena B HekoTopoit okpectHoctn Us(a) m dbyHKuus paspeiBHa B a. Torma ropopsr, uro (QyHKIWs

nmMeer

e Yempanumoil pa3puie: upenensl f(x) cupaBa u cjeBa CymECTBYIOT ¥ PABHBL IPYI JIPYIY, HO OTJIMYAIOTCH OT
3Ha4YeHns] DYHKIMH B UCCIIEIYEMOIl TOUKe:

lim f(z)= lim f(z) # f(a)

x—a—0 r—a+0



o Heycmparumuili pa3pouié nepeozo poda: npenensl f(x) cupasa u cieBa CyIEeCTBYIOT, HO HE PABHBI YT JAPYTY
o HeycmpoHumuill pa3psie 6Mmopozo pooda: XoTsi Obl OJMH U3 OJHOCTOPOHHUX Ipeiesios f () He cyliecTByeT nim
paBeH GECKOHETHOCTH.
2. HenpepbIBHOCTH 3JI€MEHTAPHBLIX DYHKITHIA.

MHorue ssiemeHTapHBIe (DYHKIMN HEIIPEPHIBHBI HA CBOelt obacTu onpeestenns (Hampumep, sin x, cos x). Jlokaxkem 1ist
HEKOTOPBIX U3 HUX

lim sin(zg + A) = lim (sin zg cos A + cos xgsin A) = sinxg - 1 4+ cosxg - 0 = sinxg
A—0 A—0

lim cos(zo + A) = lim (coszgcos A — sinzgsin A) = cosxg - 1 —sinxg - 0 = coszg
A—0 A—0
TaHreHC W KOTaHTeHC BLIPAXKAIOTCA Yepe3 CHHYC M KOCHHYyC. Bocrmosb3yeMmcs aprndMeTHICCKHME CBORCTBAME HeIIpe-

poiBHBIX dyHKIm. [[oCKOIBKY CHHYC M KOCHHYC OIpeJeseHbl U HEIPEPBIBHBI JJIs BCEX &, TO TAHIEHC M KOTAHTEHC
OIIPEeJIeJIEHBI U HEIIPEPBIBHBI JIJIsI BCEX T, KPOME TOYEK, B KOTOPBIX 3HAMEHATEb 00PAIIAeTCsd B HYJIb:

y =tgx, x#%—f—ﬂn,nez
y=ctgx, xF#mn,nex

lim aZIZO+A — 4To0 0 zo

A—0

a
3. ApudmMmeruvecKkue cBoOicTBa HENPEPHIBHBIX (PYHKITUAN.

Teopewma. Ilycrs g(x) u f(x) meupepsiBHbL B a, Torga dyukuun f +g, f - g, i(g # 0) TakzKe HEIPEPLIBHBI B TOYKE q.
g

JZoxazameavcmeo. Pacemorpum cymmy (f(x) + g(x)). g ocranpHbIx omepanuil 10Ka3aTeIbCTBO IPAKTUIECKA aHA-
aorugso. Ilo oupeznenenuo lim f(z) = f(a) u lim g(x) = g(a). Ho Torga, ucnosb3yst cBOACTBO CyMMBI JIJIsl IIPEJIEJIOB,
Tr—a r—a

nostygaeM, gro lim (f(z) + g(x)) = f(a) + g(a), uro o3nauaer, uro (f(x) + g(x)) HenpepbIBHA B TOUKE q. [ |
T—ra

4. TeopeMma 0 HEIPEPHIBHOCTU CJIOXKHOM (DPYHKIIUU.
Teopema. Eciu dbyuxius g(t) HenpepsiBHa B Touke to u dbyukiws f(z) HenpepbiBHa B Touke o = ¢(tg), To f(g(t))

HeIlpepbIBHA B 1.

Jloxasameavcmeo. st noKazaTelbeTBa 3TOM TeopeMbl BOCHOJb3yeMcsl (popMasibHBIM Ipeo0pa3oBaHueM JBYX BbIpa-
JKeHUit ¢ KBAaHTOPaMH.
f(x) menpepsiBHa B :

Ve>030>0: Vo: 0<|z—x0| <0 = |f(z) = f(zo)| <&

g(t) menpepbiBaa B to:
V6>03u>0: Vt: 0< |t —to] <p = |g(t) —g(to)| <9

Tosnyuaercs, f(g(t)) HenpepbiBHA B t(:

Ve>03u>0: Vi: 0<|t—to]l <p = |f(g(t)) — flg(to))] <&

5. CaoiicTBa (pyHKIMII, HEIIPEPBIBHBIX HA OTpe3Ke (IlepBasi U Bropasi TeopeMsl Beiiepiurpacca).
Teopema Beiiepmrrpacca (nepsasi) Eciu dbyuknus f(x) menpepbiBaa Ha oTpeske [a, b], To oHa HA HEM OrpaHUYeHA,
To ectb JA : Vz € [a,b] = |f(z)| < A

Zloxasameavcmeo. JlokaxkeMm OT TPOTHBHOTO.

ITycrs f He orpanuveHa Ha oTpeske [a, b], Torma:

VA>03za €ab]: |f(za) > A
A=1 = 3Fz1 €a,b]: |f(z1)] >1
A=2 = Fzs €[a,b]: [f(z2)] >2

A=n = 3Tz, €[a,b]: |f(z,)] >n



IMosyunm nocsenoBaTesbHOCTb {Zy, } C [a, b], TO €cTh HOC/IeI0BATENIBHOCTD { L)} OrPAHUYEHA.

ITo teopeme Bombriano-Beiteprirpacca n3 Heé MOXKHO BBIIEIUTH HMOAIOCIEI0BATEIBHOCTh, KOTOPAs CXOIUTCS K TOYKE
¢, TO eCThb
lim z,, =c
k—o0
Torma ¢ € [a,b]. Ho mo ycmosuio dbyHKINsS HENPEPBHIBHA B TOUKE C U TOTJA TI0 ONPEJIETEHUI0 HETIPEPHIBHOCTH B TOUKE
no Teiine lim f(x,,) = f(c).
k—o0

C apyroit cTOpOHBI
lf(zn )| > ng,ne =2 k = klir{:of(xnk) =00

A 3T0 IPOTUBOPEYUT €IMHCTBEHHOCTH MPEJIeia. |

Teopema Beitepmirpacca (Bropasi) HenpepoisHasi Ha orpeske [a,b] dyHKIms f jgocTHraeT Ha HEM CBOMX TOYHBIX
HkHell u BepxHeii rpaneil. To ecThb CyIIecTByIOT Takue TOYKHU C1, ¢y € [a, b], Tak 9To jU1a J106oro x € [a, b|, BbInoJIHI-
IOTCS HEPABEHCTBA:

fle2) < f(2) < flen)

Joxazamesvcmeo. HokaxkeMm Jei € [a,b] 1 f(c1) = sup f(x).
z€[a,b]
Iycre M = sup f(x) (cyuiectBoBanue ciemyer u3 nepBoil TeopeMbl Beiieprurpacca). B cuity onpejesienust To4HOi
z€la,b]

BepXHeil IDAHN BBIIOJIHSETCSI YCIOBHE:
Ve € [a,b] = f(x) < M
Ve >0 3xe € [a,b]: M —e < f(ze)

Ilomarast € = 1 , — MOJIYYUM HOCJIEI0BATENbHOCTD {X,} Takyio, 9ro Jjist Becex 1 € N BBIIOJHAIOTCS yCIOBHs
n

11
) 55 ga e
1
M — — < f(z,) < M, orkyna 3 lim f(z,). CymecTByer momnocie0BaTebHOCTh {2y, } TOCIEI0BATENBHOCTA {2y |
n n—o0

(oHa orpaHuUeHa OTPE3KOM [, b], & 3HAYUT sABJIsIETCS OMPAHUYEHHON) 1 ToUKa ¢ (110 TeopeMe Bosbnano-Beitepirpacca,
U3 [I0CJIEJI0BATEJILHOCTH MOYKHO BBIJIEIUTD IIOJIIOCIIEI0BATEIbHOCTD, CXOZAILYIOCH K TOUYKE €), TaKue 4To lim &, = c,
k—o0 )

rae ¢ € [a, b].
B cuity HenpepbiBHOCTH GyHKIUU f B TOYKE ¢, IIOJIyIaeM klim fzn,) = fle).
— 00

C mpyroit croponst, {f(xy,, )} — HoanocienoBarenbHOCTD HocaeoBaTeabuoctr { f(x,)}, cxomameitca x auciay M. Ilo-
STOMY klim f(zn,) =M.
— 00

B cuity eguHCTBEHHOCTH IIpeiesia HOCJIeI0BaTeIbHOCTH 3aKiodaeM, 9ro f(c) = M = sup f(z).
z€la,b]
YrBepxkaenue 3y € [a,b] 1 f(c1) = sup f(z) nokaszamno.
z€la,b]
AmnanorndaHo gokaseiBaeTcs g € [a,b] 1 f(ez) = inf  f(z)

z€(a,b]

DyHKIUA HEIPEPHIBHA HA WHTEPBAJE MOMXKET He JIOCTUTATh CBOMX TOYHBIX IpaHeil (TpeboBaTh HEIMPEPHIBHOCTH Ha Cer-
MEHTE CYIIECTBEHHO). |

Teopema Kommu o nmpoxoxkaeHun HellpepbIBHON (DYHKIINN Yepe3 IIPOMeXKYyTOYHbIe 3HAUEHUH.

Teopema Boabnano-Komm (nepsasi), o Hysisax HenpepbiBHON dbyukuuun Ecin dyuxmms f(z) mHenpepbiBHa Ha
cerMeHTe [a, b] 1 Ha CBOMX KOHIAX IIPHHUMAET 3HAYEHNE PA3HBIX 3HAKOB, TO CYIIECTBYET Takas TOUKa, IIPHUHAIEKAIIAs
9TOMY OTPE3KY, B KOTOPOil (byHKIMs 00paInaercsi B HYyJlb.

Loxazameavcmeo. I'eomerpudeckn odeHb Jierko: MyHKIwms mepeceder och OX.

AnreGpanvecku: pa3mennM OTpe3oK [a, b] TOUKoi g Ha JiBa PaBHBIX IO JUINHE OTpe3Ka, Toraa ubo f(zg) = 0 u, 3HAUwMT,
uCcKOMasl TOUKa Xo Hafimena, smmbo f(xg) # 0 u Torza Ha KOHIAX OJHOTO M3 IIOJYYEHHBIX IIPOMEXKYTKOB (dyHKIus f
NIPUHUMAET 3HAYEHWs PA3HBIX 3HAKOB, TOUHEE, HA JIEBOM KOHIIE 3HAUEHNE MEHbINe HyJIsl, Ha IIPaBOM — OOJIbIIIE.

O6o3HATMM 3TOT OTPE30K [a1,b1] U pasmesuM ero CHOBa Ha JiBa PABHBIX IMOJJIMHE OTPE3Ka U T.J. B pesynbrare, mmbo
Yepe3 KOHEUHOEe YHCJIO IMIArOB IMPUIEM K UCKOMOI TOouKe 2, B KoTopoii f(z) = 0, aubo MOIyINM II0C/IeT0BATENLHOCTh
BJIO’KEHHBIX OTPE3KOB [Gy,, by] 1O JUIMHE CTPEMSIIUXCS K HYJIIO U TAKUX, ITO

flay) <0< f(by)



11.

ITycts v — ofmast ToYKa BCEX OTPE3KOB |Gy, b,]. Torma v = lim a, = lim b,. [losToMy, B cuiy HempepbIBHOCTH
n—oo n—oo
bynxmun f

f(y) = lim f(an) = lim f(by)

n—oo =00
Ho Torna

Jim f(an) <O < Tim f(by)
Orkyna caemyer, aro f(y) = 0. |

Teopema Bosbuano-Kommu (Bropasi), 0 IpOMe>KyTOYHOM 3HAYE€HUM HenpepbIBHbIX dyukumit Eciun dynk-
s f HenpepbiBHa Ha orpeske [a,b] u A = f(a) # f(b) = B, uucio C € (A, B), Torjga CymecrByer Takas TOYKA

¢ € [a,b], aro f(c) =C.

Jpyrumu cioBaMu, yTBEPXKIAETCsA, 9TO €CIN HellpepbIBHAs (DYHKIIN, IPHHAMAET B 3HAYEHUSI, TO OHA IPUHUMAET U
Ji00bo0e 3HaYeHNEe MEXKJYy HUMU.

Joxazameavcmeo. He napyuias obmuocru 6ygem caurarb, uro A = f(a) < f(b) = B. Paccmorpu dyukimio h(x)
f(z) — C, menpepbiBHOCTH Ha OTpE3KE [a, b] KOTOPOIi caemyer u3 HenpepwsiBHOCTH GyHKIMA f. OveBnmHo uto h(a)
A—C <0wuh(d) =B—C > 0. lIpumensiem x h nepsyro teopemy Boubriano-Kommu n Haxomum TOUKY ¢, B KOTOPO
h(c) = f(¢) — C =0, 1o ecrb f(c) = C. Teopema nokazana.

Sl

IlousiTue Tpou3BOAHON (PYHKIIUU B TOYKE.

Paccmorpum dyHKIMIO, 00J1aCTH OLpeesieHnsT KOTOPO COAEPXKUT TOUKY Zo. Lorga dbyukius f(z) ssiserca nudde-
peHnupyemoil B TOUKe To, U ee ipoussonas f'(xqg) onpenessiercs ciaeyiomeit hopMysIoit, eciu cymecTByeT npeses

f(xo +A) = f(zo)
A

. Teomerpudeckuii nu pusndeckuii CMbICJI IPOU3BOITHOIA.

TeomeTpuyeckmuii cmbics mpousBoaHoi. [IpousBonnas B ToUKe Ty paBHA YIJIOBOMY KOI(MDMUIIUEHTY KACATETHHOM
K rpaduky byukiuu y = f(x) B 91001 TOUKE.

Pusnveckuii cMbicsI npousBoaHoli. Eciu Touka neuxkercs Brosb ocu OX u ee KOOPANHATA NU3MEHSIETCS 110 3aKOHY
x(t), To MrHOBEeHHast CKOpocTh Touku: v(t) = ' (t).

. YpaBHeHUe KacaTeJibHOI K rpadpuky (pyHKIIUU B TOUYKE.

[Iycts mana dbynkus f, KOTopas B HEKOTOPOI TOUKe Tp UMeeT KoHeuHyio npoussoanyio f'(zg). Torma npsamast, mpo-
xosigmmas yepes Touky (zo; f(xo)), umeromas yriosoit koacbdunuent f'(xg), HazbIBaeTCA KacaTe bHOIL.

Urak, mycrs nana dbynkmus y = f(x), KoTopast umeet npoussojnyio y = f'(z) na orpeske [a, b]. Torna B mo6oit Touke
xo € (a;b) k rpaduxy 3Toit DYHKIMI MOKHO IPOBECTU KACATEJIBHYO, KOTODAs 3a7a€TCsl yPABHEHUEM:

y = f'(x0) - (x — x0) + f(x0)

ITouarue muddepennupyemoct QPyHKIINN B TOUKE.

Oyuknus f(x) asasiercst quddepeHnupyemMoii B ToUKe xo cBoeii obnactu onpenenenust D[f], eciu cymecTByer Takast
KOHCTaHTa A, 4To:

f(z) = f(xo) + A(x — z0) + 0( — 20)

n

By f(@) — flao)
— £ — — =
A= f (IO) a Alégo Ax zlggg xr — Xo

Teopema f(x) muddepenrupyema B TOUKe T TOJIBKO U TOJBKO Torja, Kora Jf (z), npudem A = f'(x)

Zoxaszamenvcmeo. JlokarxKeM HEOOXOIUMOCTDH U JOCTATOIYHOCTH

e HeoGxomumocts. [lycrs f(z) nuddepennupyema B touke © — Ay = AAz+0o(Az) = A—z =A+ O(AA:C) =
A+0(1)
Toraa Algigrg()% =A = A= f(x)
e Jocrarounocts. [lycrs 3f'(z) = 3 lim Ay _ '(x). Pacemorpum B(Ax) = Sy _ "(z). lim B(Az) =0,
Az—0 Az Az Az—0
re. f(Ax) =0(1) = % — fl(x)=0(1) = Ay= f'(z)Ax + o(Ax)



12.

13.

Heobxomumoe ycioBue guddepeHnmpyeMocTn.

Teopema. Ecin dbyukuus f(x) muddepennupyema B TOUKe 2, TO OHA HENPEPBIBHA B 9TOH TOUKE.

Aoxasameavemeo. Ilycrs dynknus y = f(z) auddeperupyema B TouKe . Torma eé nmpupaiieHue mpejcTaBuMoO B
BUJIE

Ay = AAz + o(Ax)
Ho rorga npu Az — 0 6yzer Ay — 0, a 970 03HaUaeT HeNPepbIBHOCTL GyHKIWMN y = f() B TOUKe Xg. |
O6paruTe BHUMaHME, UTO U3 HEIPEPBIBHOCTH He cieyer nuddepennupyemoctn (Hanpumep, f(x) = |z).
IIpaBsuna nuddepeHnmpoBaHMs.
Teopema. Eciu f(x) u g(x) quddepennupyemsr B Touke x, To f + g, f - g, !

L
g
rouxe @, mpmien (f £ g)' = '+, (f -9 = f'g+ fg, (ﬁ) -

g # 0) Takxke nuddepeHppyemMbl B

Jokasameavemeo. Bygem cunrars, yro Af orseuaer npupamenuto f(z), Ag orseuaer npupamenuo g(z), a Ah or-
BedaeT npupareHuio h(x).

Ah = h(z + Az) — h(z) = (f(z + Az) £ g(z + Az)) — (f(2) £ g(2))
= (f(z + Az) = f(2)) £ (9(z + Az) — g(x))

=Af+Ag
Takum obpazom,
Ah_Af L Ag
Ar Az~ Az

ITpu Az — 0 cymecTByeT npejies IpaBoii yactu, pasubii f/'(z) & ¢'(x), a 3Ha4UT, CymecTsyer u mpejes JeBoit
4acTu

W () = f'(x) £ ¢'(z)

Ah =z + Az) — h(z) = f(a + A) - gla + Ax) — f(2)g(a)
— (f(x + Ax) - g(z + Az) — f(w + Ax) - g(x) + (f(z + Ax) - g() — () - g(x)

Janee MOXKHO 3ammcaThb
Ah = f(z + Az) - (9(z + Az) —g(z)) + g(z) - (f(x + Az) = f(z)) = f(z + Azr) - Ag + g(z)Af

Takum obpazom

Ah Ag Af
E—f(l"*'AJU)E*‘Q@)'E

Bosbmewm Teneps npejen npasoit gactu npu Az — 0. B cuty menpepsisrocTH f(x) B ¢ (T.K. oHa nuddepeHimpyema
B 9TOH TOUKe) Alirnof(ac + Azx) = f(z). Torga nomydaem, 4ro
r—

W(z) = f(z)- g'(z) +g(z) - f'(2)
Jlemma. Eciu f(z) menpepsiBaa B Touke a u f(a) > 0(f(a) < 0), ro 36 > 0: f(z) > 0(f(z) < 0)Vz € Us(a)

Aoxasamesvemeo. Tak kax f(r) € C(a), ToVe > 030 > 0: Vo € Us(a) = |f(z) — fla)] <e <= fla) —e<
a)

[f(a)]
2

npaBasg 4aCTU HEPABEHCTBA BCEr/la OJHOrO 3HaKa, 3HaduT Va € Us(a) BbimosHeHo TpeGyemoe. |

f(z) < f(a) + &. Honoxum € =

, rorga f(a) —e >0 npu f(a) >0wu f(a)+e < 0upu f(a) < 0. T.e. neBas u

10



f(x)

3. h(z) = @) ITo nemme, g(z) # 0, To g(x + Ax) # 0 pust masbix Az. Torya
Ay @A) f@)
A =R+ A0 = hE) = e A )
_ flz+ Ax)g(x) — g(x + Az) f(x)
g9(x)g(x + Ax)

(f(x + Az)g(x) — f(2)g(x)) — (9(x + Az) f(x) — f(z)g(x))
g9(z)g(z + Ax)
9(@)(f(z + Az) — f(z)) — f(2)(g(z + Az) — g(x))
9(x)g(x + Ax)
_ 9@)Af - f(z)Ag
9(x)g(z + Ax)

Takum obpazom,
Af Ag

Az g(x)g(z + Ax)

CHOBa UCIOJIb3ysl HEIIPEPBIBHOCTH U Oepsi Ipejiest MPaBoiil U JIeBOI JacTel, MoJIyIaeM, 9To

g(x)f'(x) = f(x)g' (x)
9%(z)

n(x) =

14. Teopema o auddpepeHITUPYEMOCTHA U MIPOU3BOTHON CJIOXKHOM (PYyHKIUU.

Teopema. Ilycrs dyakimo y = y(x) OT nepeMEeHHONH & MOXKHO IIPEJICTABUTD KAK CJIOKHYIO (DYHKIUIO B CJIEILYIOMIEM
BH/IE:

rae f(u) u u(z) ecrb Hekoropoie dynkimu. Oynkuusa v = u(z) quddepennupyemMa Ipu HEKOTOPOM 3HAYECHUU II€PEMEH-
Hoit z. Oyuxius f(u) muddepenupyema npu 3uadennn nepementoii u = u(x). Torma ciaoxkuas (cocraBHas) QyHKIUS
y = f(u(x)) nuddepenimpyema B TOUKe & U ee TPOU3BOJHAS ONPEIETAETC O (hOpMyITe:

y'(x) = f'(u) -/ (2)
Zloxasameavcmeo. BBemem ciemyrorime 0603HATEHMSI.
Au = u(z + Azx) — u(x)
Af = flu+ Au) = f(u) = f(u(z + Az)) = f(u(z))

3nech Au ectb dyrkmnust or nepemenubix © u Ax, Af ecrb dyukiusa or nepemenubix v 1 Au. Ho Mbr Gyiem omyckaThb
apryMeHThl 9TUX (DYHKIUN, 9TOOBI HE 3aTPOMOXKIATH BBIKJIA K.

Tockonbky dyuximu u u f auddepeHnupyemMbl B TOYKax & 1 4 = 4(x), COOTBETCTBEHHO, TO B 3TUX TOYKAX CYIIECTBYIOT
IIPOM3BOJIHBIE ITUX (DYHKIUH, KOTOPBIE SBJISIIOTCS CJIEIYIONUMUI IPeIeTaMU:

v = 1m0 A
£ = dm
Paccvorpum cieyrontyio (pyHKITHIO: A
c(au) = 2~y

[Ipu dbukcupoBaHHOM 3HAYMEHUN TEPEMEHHON u, € sBisiercs dynknueit or Au. O4eBUIHO, ITO

lim e(Au) =0
Au—0

Torma
Af = (f'(u) +e(Au)) - Au

11



IMockonbky dyukmst u(x) sBaserca nubdeperiupyemoii dyHKIueil B ToUKe 2, TO OHA HENPEpPHIBHA B ITOH TOUKe.
ITosTomy
lim Au =0
Az—0
Torma
lim e(Au) = lim e(Au)=0

Az—0 Au—0

Teneps HAXOIUM ITPOU3BOIHYIO.

Af
/ _ .
y(@) = Alglc—>0 Az
Au Au
— lim 1
- AI;HO (f () Az e(Au) Am)

Au
_ ! . . I . . . I
= /() A, Az © AI;IEOE(AU) Al Az

= /'(u) (&) + 0o/ (2)
= /() - ()

QPopwmyra J0Ka3aHa. |

16. Tabsiuria MPoOU3BOAHBIX OCHOBHBIX 3JIEMEHTAPHBIX (DYHKIIUIA.

!
f@) | f(x)
const 0
Pl a- l,afl
a® a® -lna f(x) ()
e’ e’ arcsin L_
1—x
log, = 1 arccos x | ——=
a Ina-x 1—x2
Inx 1 arctg x 1
T 1422
sinz | cosz arcetgr | —17o2
cosx | —sinx
1
tgx cos? x
1
ctgw " sin?z

17. Iouatue muddepennuana (nepporo) pyHKIUN B TOUYKE.

20.

Oyuxnus f(z) asuserca puddepennupyemoii B Touke xo cBoeil obsactu oupeneienus D] f], ecau cymecrByer takas
KOHCTaHTa A, 4To:

f(x) = f(z0) + Az — x0) + 0(x — x0)

A= f’(a?o) _ ilglo f(xO + AA) - f(xO)

Torya seipaxkenne f'(x)dr naspBaior quddepennmanom dbynkiuu f(z) B Touke zo. O6oznadenne: df = df (zo,dz).
Ob6parure BHUMaHUE, 9TO df 3aBUCUT U OT TOYKHU, U OT dT.

[Ha xossokBuyMe Gyzer TOJIbKO MpOM3BOAHAs BbIcHInX nopsigkos| Ilpoussonubie n guddepennuanb
BBICHINX MOPSIAKOB (DYHKIIMY OJHOI MEepEeMEHHOII B TOYKe.

Pacemorpum dyrkimio, muddepennupyemyto Ha MuOXkKectBe F. T.e. 3 f’(m), Ecim f’(m) Toxke Jauddepennupyema Ha,
E, 1o 3(f'(z)) = f"(=).

IIpousBoHoii n-oro nopsyka Gyem canrars f(z) = (FOY(2)), npuuem [ (z) = f(z). Pasymeercs, mrs cymme-
CTBOBaHUsI IIPOU3BOJHON N-0r0 HOPSIIKA JOJIZKHBI CYIIIECTBOBATDH IIPOU3BOHBIE BCEX MEHBIINX IOPSIIKOB.

MHozkecTBO (PYHKIMI, HMEIOIIUX BCE IPOM3BOIHBIE [0 IOPAJIKA N BKJIIOYHTEIBHO Ha MHOXKeCTBe F, 0003HAYaeTCS
C (”)(E). PaccmorpMu HECKOJIBKO TIPUMEPOB
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o f(z) =sinx

™

£/(z) = —sina = sin (22 )
()

f@(z) =sinz =sinz

f(x) =cosz = sin + x)

f"(z) = — cosx = sin

™m
Jokazkem 1o uaykimun, aro f (z) = sin (7 + x) Ilpu n = 1 y»ke ObUIO MOKa3aHO paHee. IIycTh 3TO BEpHO

P HEKOTOPOM 7, TIOKaxKeM Jijid n = n + 1.

FO(z) = sin <”(”2“) + z)

F070) = () = (i (G 0)) = (o) = (L 1)

o fla)=e" fM(z)=e

e f(x) = 2™. Bepst n pa3 npoussozuyio, noaydaem, uro f(z) = m(m —1)...(m —n+ 1)z™ "
. f(z) =z f(z)= é — 2l M () = (“1)(=2)... (—n)z
f(")(.’L') — f("_l)(.f(} _ 1) — (_1)n—1 . (TL _ 1)| L

Teopema (Popmyna Jleitbuuna) Ilycrs u(x) u v(z) umeror He MeHee N TPOU3BOAHBLIX Ha MHOXKecTBe E. Torma

(- 0)) = Z() L1R) ()

k=0

T = (=1)" - n!. 27" Torma nomyuaem, uTo

Lloxasameavcmeo. okaxkem mo munyknun. [Ipu n =1

1
1 . .
(u-v) =vwvtu =) (k> (1R (k)

k=0

ITycTh paBeHCTBO BEpHO NPU HEKOTOPOM 7, JIOKA’KeM ero ClpaBeJyInBOCTb MpH n = 7 + 1. Bepsa mo omnpeesenuio
npouzsouyio (u - )"+

n /
(- ) (D) = ( (Z) k) .v<k>)
k—

k=0
n+1

M\ (k1) (k) o) L (kD) (k)
k) U v +’; k1 u v

— (™). D). ~((" " D ) (VY L, (D)
<0>u v—i—z k+k—1 U v—i—nuv

(n+1) 1\ ki) ) () L, (D)
0> +Z< ) U v =+ n u-v

(”;: 1) (kD) (k)

Tlocseauit mepexos, ciesial TpU OMOIIU CJIEIYIONIEr0 PACCY K ICHUST:
n+1 B n n n
k S \k-1 k
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21.

22,

23.

ITousitue 06 3kcTpeMyMax PYHKIUU OJHOM MEepeMEeHHOI.

Touka ) HA3BIBAETCs TOYKOI JIOKATBHOTO MAKCHUMyMa (MUHUMYMa,) DYHKIME [, €CJIH CYIECTBYET TaKas OKPECTHOCTD
Us(zo) TOUKH g, ITO
Vo € Us(xo) = f(x) < f(xo)

M TOYKOH JIOKAJBHOT'O MHHHUMYMa, €CJIA

Ve € Us(zo) = f(z) > f(x0)

Touxka zy OyaeT HA3BIBATHCS TOYKOM CTPOrOro JIOKAJbHOTO IKCTPEMYMa, €CJIU 3aMEHUTH OKPECTHOCTh HA ITPOKOJIOTYIO
OKPECTHOCTh U HECTPOTHUI 3HAK 3aMEHUTH Ha CTPOTHUIL.

Teopema ®epma Eciu dbynknus y = f(z) uMeer sKcTpeMyM B TOUYKe Zg, TO ee npousBoinas f'(zg) smbo pasHa
HYJTIO, JTHOO He CYIIEeCTBYET.

JIokanbHblil skcTpemym. HeoGxoauMoe ycsioBue JJisi BHYTPEHHEroO JIOKAJIBHOrO 3KCTpeMmMyMa (Teopema
®epma).

Teopema Pepma Ilycrs dbyHkuus f onpenesena za uarepsaie (a,b) u B HEKOTOPOii Touke xo € (a,b) npuHUMaeT
Haubosbiliee (HaMMeHbIIIee) 3HaYeHne Ha 3ToM uHTepBae. Eciu cymecrsyer f'(zg), To f'(x9) = 0.

xz)— f(z
Zloxasameavcmeo. Ilycrs xy — Touka mMakcumMmyma pyukimn f. PaccMorpmM pa3mHocTHOE OTHOIIEHWE M.
r — X
f(z) = f(xo)

Tak kak f(z) < f(xzo), To upm & > x9 UMeeM
T — X0

L @)~ fwo)

r — X
fi(xo) = fL(xo) = f'(x0) (cremyer u3 paBHOCTH Ipesiesa CIpaBa I CJIEBA). [ ]

< 0, u, cregosarensuo, [ (zg) < 0. Ecim ke x < o,

> 0, u nostomy f’ (z9) = 0. Ho uz audbdepennupyemoctu dbyHkiuu f B TOUKe Zg CIEILyeT, YTO

C reomerpudeckoii Toukm 3peHusi Teopema Pepma 0O3HAYAET, UYTO €C/IM B TOUYKE IKCTPeMyMma y rpaduka HyHKIUHA
CyIIeCTBYeT KacaTebHas, TO OHa mnapaJseabaa ocu OX.

OcHoBHbIe TeopeMbl 0 auddepeHnmpyembx dyHKuui Ha orpe3ke (Teopema Pouusi, popmyuint Jlarpanzxka
u Kormmu.

Teopema Possisi. O HyJie Tpou3BOAHOM (pYHKIUN, IPUHUMAIOINIEl Ha KOHIIaX OTpe3Ka paBHbIe 3HAYEHUS
ycrs dyukuus y = f(x)

1. mempepbiBHA Ha OTpE3Ke [a, b];

2. nuddepennupyema Ha uHTEpBase (a,b);

3. fla) = f(b)

Torja na unrepsase (a,b) Haiijercs, 1o KpaiiHeit Mepe, oJ[Ha TOYKa Tg, B KoTopoit f(xqg) = 0.

Joxazameavcmeo. Ecim dbynxiusa f(x) nocrosimaa Ha orpeske [a,b] (a 3HauuT, €€ MUHUMAJIBLHOE U MAaKCUMAJBHOE
3HAYEHNUe COBIAJAIOT), TO NPOM3BOJHAs PaBHA HYJIIO B Ji000N Touke mHTepBasa (a,b), B 9TOM Ciydae yTBEPXKIEHUe
CIIPABEJJIUEO.

Muadge, MUHIMAJILHOE U MaKCUMaJIbHOE 3HadYeHne pyHKIMKU He coBnaiaior. [lo Bropoii Teopeme Beiteprurpacca (o m1o-
crrzkeHnn (DYHKIUY 3HAYEHUST TOUHOI BepxHeil/HuKHell rpaHu Ha oTpe3ke), (DyHKIUs JOCTUIaeT CBOEro HAMOOJIbIIEro
WJIM HAUMEHBINEero 3HaueHus B Touke & uHTepBasa (a,b), T.e. B TOUKe & CyNIeCTBYeT JOKAJIbHBIH sKcTpemyM. Torua 1o
Teopeme Pepma MIPOU3BOJIHAS B 9TOI TOUKE paBHA HYJIIO

f§) =0
u

Teopema Jlarpamxka. @opmysna kKoHeuHbIx npupainenunii Eciu dynkius f(z) HenpepsiBHa Ha oTpeske [a, b] n
nuddepennupyeMa Ha uarepsae (a,b), TO B 9TOM HHTEpBAJE CYIIECTBYET XOTA Obl OJ(Ha TOYKA I(, UTO

f(b) = f(a)

b—a f'(wo)
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Jokasameavemeo. Pacemorpum Beomoraresbayto dbyuknuio F(x) = f(x) + Az.

Beibepem unciio A taknM, 9T00bI BBIIOJIHsIOCH yeaosue F(a) = F(b), Torma

fla)+Aa = f(b) + 20 = f(b) = f(a) = Ma —b) = /\:—w

B pesynbrare momyuaem
)~ )

Fla) = fw) - 22—

Oyuxnus F(x) venpepsiBHa Ha orpeske [a, b, muddepennupyema na unarepsaie (a,b) u IPUHUMAET OJUHAKOBbLIE 3HA~
YeHus Ha KOHIAX orpeska. CiefoBaTesIbHO, Ui Heé BBINOJHEHBI BCE YCJIOBUSA TeopeMbl Posnga. Torma B mHTEpBaJIe
(a,b) cymectsyer Takas Touka &, uro F'(£) = 0.
f(b) — fla

)~ f@)

Orcrona caeyer, uro 0 = f/(£) — b
—a

Teopema Jlarpanka umMeeT MpoOCTON reOMETPUYECKUI CMBIC/I. XOP/1a, IIPOXOISINasi Yepe3 TOUYKH I'papuKa, COOTBETCTBY-
FOIIe KOHIIAM OTPe3Ka ¢ u b nMeer yryioBoit K03 UIueHT, paBHbIi

f = tga = SO I0)

Torma BHyTpH OTpe3Ka CyIecTByeT ToUKa & = £, B KOTOPOIl KacarejbHas K rpaduKy mapasiiebHa XOpe.

Teopema Komu. O6obimaer ¢opmyity KoHeunbix npupaiuenuii Jlarpauxxka. Ilycrs dyuknuu f(z) u g(x)
HeTIpepBIBHBI Ha OTpe3Ke [a, b] n muddepenrmpyembr na uatepsare (a,b), npuaem g'(z) # 0 npu seex = € (a, b). Torma
B 9TOM MHTEpBAJIE CyIIECTBYET TOYKA & = £ TaKas, 4TO

ﬂo%asammbcmeo. ,Z[OKa3aTeJII:CTBO COBIIaJIa€T C JOKAa3aTeJIbCTBOM TE€OPMBbI .T[arpaH>Ka.

IIpexke Bcero 3aMeruM, 4TO 3HAMEHATeNb B JeBoil dactu (opmyisl Komm ne pasen myio: g(b) — g(a) # 0. Heii-
crButenbho, eciu g(a) = g(b), To mo Teopeme Posist Haiinercs touxa p € (a,b), B Koropoit ¢'(u) = 0. Do, oxHaxo,
IPOTUBOPEYHUT yCJIOBUIO, TJle yKazaHo, uro Vz € (a,b) : ¢'(x) # 0.

Beezem Beiomorarensayio dyukuuio F(z) = f(x) + Ag(x).

Bribepem uucyio A Takum, 9T06bI BHINOJIHSIOCH yeaoue F(a) = F(b), Torma

fla) +Ag(a) = f(b) + Ag(b) = f(b) — fa) = A(g(a) —g(b)) — A=—
B pesysbrare mosyuaem
Oyuxnus F(x) venpepbiBHa Ha oTpeske [a,b], muddepennupyema na unrepsase (a,b) u 1pu HANJIEHHOM 3HAYEHUU A

NPUHAMAET OJMHAKOBBIE 3HAYEHMs] HA KOHIAX oTpeska. ClieoBaTebHO, JJIs HEE BBIOJHEHBI BCE YCJIOBUS TEOPEMBI
/
Posutsa. Torpa B unrepsade (a,b) cymecrsyer rakas Touka &, uro F'(€) = 0.

Orcrona citesryer, 9To

njiin
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24. Muorounen Teiimopa n dopmysna Teitsopa ajist PYHKIUI OTHON MepeMeHHOIl ¢ OCTaTOYHBIM YJIEHOM B
dopme Ileano n Jlarpanxka.

IIpemiosnozxkumM, 4ro uMeercs Hekoropas dyHukius f(2) 1 HAJIO UCCIIEJ0BATH ee [IOBeIeHue B HEKOTOPOU TOUKe To WJIU €€
okpectHocTH. CamMa (DYHKIUS MOXKET OBITh TP 3TOM JIOCTATOTHO CJIOXKHOM, U TO3TOMY HEIIOCPEICTBEHHOE BHIUNCJIEHNE

lim f(ZC) (KaK npuMep TOro, 9To Mbl XOTUM Y3HaTb O beHKLLI/II/I B .fo) OKazKeTCd KpaﬁHe TPYAOEMKHM. I/Iﬂeﬂ B TOM,
Tr—x0

9T00BI HAWTH Takoil MuorouineH P,(z), uro f(x) ~ P,(r — xo) npm & — =z, a 3aTeM HCCIeA0BaTh ero. Paborars ¢
MHOIO*JIEHAMH IIPAKTHYIECKH BCEr 8 HAMHOI'O HPOIIE.

penonoxum moka, uto zg = 0. Torma P, () = co + c12 4+ cox® + -+ c,z™. Po(0) = ¢, a Pl () = c1 + 2c0m + - +
Py(0) P (0)
c

nepx™ Y, u3 wero ciemyer, uro ¢; = P/ (0). Ilo aHAOTHE MOXKHO TOJIYHYUTh, YTO Cy = oy et = T T.e.
! n!
P(0 (0
nostydaeM, uro P, (z) = P,(0) + ”1(' )x +o 4 #x”
! n!
Iycts 3f (”)(wo), TOTJIA CIPABEIJIMBA (DOPMYJIA:
v "(x ) (g .
7o) = fao) + L0 0 gy 4 LD o e LD (1)

Ora bopmyna HaszbiBaercst popmysioit Telistopa n 0OOBIYHO 3aIMCHIBAETCS B BUJIE:

. f(k)(zo) k
fle)=) —— (@—20)"+ mulf,7)
kZ:O k! 0 gl

OCTATOYHBIN YJIEH

mHorowieH Teitsiopa

Jlemma. IIycrs 3f™ (z0) u 3f'(x) Ha mexoropoit U(xg). Torma (r,(f, x)) = rn_1(f, z).

ﬂona(?ame./b'meGO.
) (g
ralh) = f@) = 3 T g
k=0
") (g =l p(kt) (g
() = @) = 3 Gt — a0t = @) = 3 T et < (g

rak Kak [T (z0) = (f)*)(zo). Caemyer Takwxke obparurs BHEMaHHE Ha TO, uTo muddepenmuposaue 7, (f, ) mpo-
HCXOJTUT TI0 &, TOSTOMY BCE SICHBI CyMMBI, Kpome (z — 20)F, — komcranTsr. ]

Teopema o JIoKaIbHOMN (bopMe ocrarounoro wiena (®opma Ileano) Iycrs 3f™ (20) u If ™ () Ha mexoro-
poit U(xp). Torma cupasemyusa dopmyna Teitopa, npudem 7, (f,x) = o((x — x¢)"), x — 0.

Jloxasameavcmeo. JlokazkeM ¢ TIOMOIIBIO MeToa MaTeMaTudeckoit unuykuuu. [pu n = 1, f(x) = f(zo) + f'(z0)(x —
xo) + o(x — xg), uro BepHO, T.K. f(x) nuddepennupyema B TouKe To. [IPeIIoI0KUM Teleph, YTO TeOPeMa, BEPHA JIJIsI
npou3BoJbHON yHKIUYU f npun =n — 1, u JoKaxkeM €€ npu n = n.

Bamerum cHagana, 9ro r, (f, xg) = 0 (ciemyer uz obbranoii popmyiasr Teitnopa). Torpa r,, (f, ) = r(f, ) —rn(f, x0) =
(rn(f,6)) (x — z0), Tne € npunayieskut waTepBaay (min{z,x}, max{z,xo}) mo Teopeme Jlarpamxa.

ITo semme nosyuaaem, uto (ry,(f,€)) (x — z0) = rn_1(f",&)(x — o). [lo npeanoIOKeHNIO JIJIst TPOUSBOIBHOMN DyHKIUH
f, ¥ KOTOpOIi ecTh n-ast TPOU3BOHAS B To U (1 — 1)-ast B OKPECTHOCTH T, MOYKHO BBLITIOJIHATH WHLYyKIIMOHHBII MTEpexo;
s )tk g 1y f'(z) cymectsytor (n — 1)-as npousBogHast B Tg U (n — 2)-as B OKpecTHOCTH Tg. Torma
ra—1(f,)(x — x0) = 6((§ — x0)" ") (@ — w0) = [|§ — w0 < |z —m0| = 0((€ —x0)"!) = d((x —xo)" )] =
o((x — @0)" 1) (x — wo) = 6((x — w0)") u

Teopema o dopme Jlarpauxxka Iycts n € NU {0} u 3™ (z), npuuem f(”)(:c) HElpepbIBHA HA OTPE3Ke [T, Z].

_ S

Kpowme Toro, Ef("+1)(x) Ha (x9, z). Torna cupasenymsa dopmyna Teiopa, npudem 7, (f, ) = ) )t
n !

(x — g
rae € € (zg, ).

Jloxasameavcmeo. CHOBa BOCTIOJIL3yeMcsl METOJIOM MaTemaTudeckoit uuaykiuu. lpu n =0, f(z) = f(zo) + /(&) (z —
Zo) — dopmyia Jlarpanxka. [IpearosokumM Ternepb, 9To Jjisd HPOU3BOIbHON DYHKIMK f CrpaBeiuBo, 910 11 (f, ) =

M)

o (x —x0)", vae € € (x0, ). IIpu n = n numeem:
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rn(fax) rn(fvx)*rn(fvx())

(x —z0)" Tt (2 — 20)" ! — (zg — T0)"T!
C )

(n+1)(k — o)

rn-1(f', 1) (f'(&)™

D —m)  tnm  he)=

[o dopmyse Komu| =

— [mo semwe, jlokazanHoii BhIme| =

FrtD(e)
(n+1)!

n+1

(x — x9)

25. @opmysibl MakiopeHa [iyisi OCHOBHBIX 3JIeMeHTAPHBIX (yHKIuil (6e3 qoka3areabcTsa).
IIpu zg = 0 dbopmyna Teitsopa ¢ ocratounbM wieHoM B dopme Ileano nazwpiBaercs dopmysioit Makiopena

Ipusenem npumep: f(z) = sin . BemomanM, uTo

(n) o ™ M) (0) = si ™y _ 0, ecau n = 2k,
[ () bln<x+2):>f (0) bln<2) 1. eomin— 2k 4 1

Torga nmosrydaem ciiefyrolnee pas3jioyKeHHe:

. 3 2P ey il =/ 9n
r oz ™
1 e“_1+ﬁ+§+ —I—H—i—o(m ),z =0
2?2 ad T A
2. m(l4+z)=0— "=+ -+ (-D)"".— 4+ 5(a"),r =0
2 3 n
3. 14+2)*=1 +Z a)xk + o(z")
acR k=1 k
3 3 3 2 | =02 1 %(é 1) 2 2
Hanpuwmep (1 +2)3 — 1 = i T+ ; x +o(:1c):§x+ 5 + o(z?)
. x3 1’5 n—1 x2n71 =/_2n
.132 .I‘4 N ]JQ” — omt1
5. cos(x):1—§+ﬂ—|—-~-+(—1) (2n)!+0(x )
32 B, (—4)™(1 — 4™ _
6. tg(z) =z + % + Blj o422 ( (Q)ng' ) ~x?" 1 4 5(2x* 1), rne By, — unca Beprysm
@ 2 5, o0
Ho pocrarodno noMHUTB, 9TO tg(2) = o + 3 + 5% + o(z°), T.e. obmast dhopmyia Jyisi CEMUHAPOB He HY>KHA
. z? 3 5 (2n)! 2n+l | =, .2n+1
7oarsin(@) = o+ 50 ey o e
3 _
Hocrarouno 3uare arcsin(z) = x + 5 + 4—Ox5 + o(x°)
8. arccos(z) = g — arcsin(x)
3 5 2n—1
9. arctg(e) =v = g+ b () g o

26. ITpaBuso Jlomurasisi.
Teopema Jlonurans (nepsoe npasuiio) Eciu dyuaknuu f(z) u g(x) TakoBsl, 4T0
1. f(z) u g(z) nuddepernupyembl B IPOKOIOTOH OKPECTHOCTH TOYKH G
2. lim f(x) = lim g(x) = 0
3. ¢'(z) # 0 B okpectnocTu U(a)

!/
4. Cymecryer lim f/(x)

f@) _ L f @)

Torma cymecrByer lim —— = lim
z—a g(x) z—a g’(q;)
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Jloxazamenavcmeo. Jloonpeaeaum QyHKIME B TOYKE ¢ HyJ8M (HENPEPBIBHOCTU HE HADYIIUTCS, TAK KAK MPEJE] ITHX
dyuxmit tpu @ — a pasen 0). 13 nepsoro ycsosus cienyer, uro f(x) u g(x) HenpepbIBHBI Ha OTpe3Ke [a, z|, e &
OPUHAJIEXKAT PACCMATPUBACMOM OKPECTHOCTH TOYKH .

Ipumenum 0606mEHEYI0 hopmyiny koreunbix npupariennii (Kommn) k f(x) u g(z) na orpeske [a, z].

Cf@) = fla) _ [
Tl e i
_ _ f@) )
Tak xak g(a) = f(a) = 0 nwosyuanm, uro Vo I € [a,z] : FORIG)
ITo oupenenenuro npenena, lim (@) =A< Ve>03I>0: Vz:a<z<a+d = (@) — A’ < e. Ho =z
P g () (@)

KaXKJIOTO & U3 YKa3aHHOT'O0 MHTEPBaJIa HAlIeTCd CBOE £,, TAKOE UTO

F(&) f(x)
7 () ‘A‘“ = |o@ 4

Teopema Jlonurans (Bropoe npaBuio) Eciu mia dbyaxuuii f(z) u g(x) cupasemmso ciemyrorree:

&) _ fx)
g' (&) B g Ho pas ¢, € (a,z), To BBIIONHACTCA

(z)°

, 9TO ¥ TPebOBAJIOCH JI0KA3ATh. |

1. f(z) u g(z) nuddepenuupyemsr Ha unrepsase (a,b)

2l ) = i a(e) =
3. ¢'(z) # 0 npu z € (a,b)
4. Cymecrsyer lim (@) =A
z—at0 g'(x)
!
to lim 1(@) = lim F'(@) =A

r—a+0 g(,]j) r—a+0 gl(,'I,‘)

JZoxazameavcmeo. g madana mosoxum, 910 A < 0 (npu A > 0 J0Ka3aTE/IbCTBO IPAKTUYECKH AHAJIOTUIHO IIPUBE-

1
nennomy). Ilycrs € € (07 4). Torga o onpeesieHUIo Ipesea

lim ()

A =A < Jz. € (a,b): Vz€ (a,2.) =

—A‘<E

3/1eCh MBI TIPOCTO MPUHSIIN, 9TO Tz = G + §, B OCTAJILHOM K€ WHTEPIIPETAINsT OIIPE/IeJIeHUsI TIPEJIesia He N3MEHUIACh.

BeiGepeM TpOM3BOJIBHOE T U3 JIAHHOIO UHTEpBasa (a, T.). 3aMeTnM, 9To BBINOJHsIeTCs TeopeMa Kommm (moomnpenemnm
dyHKIMU f ¥ g B TOUKE @, & B TOUKE T OHU YK€ OIPEJIE/ICHDI):

@) = fle) £
o(r) —glas) g(e) TeOS TS Tesh
1— f(xa)
@ i e
@) o) g©

Samerum Tereph, uyTo lim flze) = lim g(z.)
r—a+0 f(x) r—a+0 g(x)

crpemaTced K 00). Torga BeiGepeM Jyisi TEKYIIEro 3aKPEIIeHHOro € Takoe d(g) > 0:

=0, Tx. f(x:) u g(z.) — KOHCTAHTBHI (& 3HAMEHATEJH IO YCJIOBHIO

f(ze) g(z<)
Vo € (a,a+9),0+a<b = ’f(x) re
Tor/ia OIydaeM CJIe/IYIONLYIO OEHKY:
_ g(z)
g(z) c (1—6 1—|—€)
 flae) 1+e'l—¢
f(x)
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27.

1 1-— 2 1 2 8 ! o
IlockonbKy € € (0, ), - ° re c (@)

TO T3 Tz >1—2mu 1_521—&-1_5 <1—|—§E.y‘{I/ITbIBaH,‘{TO 7 () e U (A):

g(zc)
@) PO 0@ (40 5\ _
FORRIG) o o) € ((A e)(1—2¢),(A+¢) <1+ 36>>
f(x)

= <A—(€+2A6—262),A+ (6+§8A+§82>> =

8 8
= ——= €U,(A), tue pp = max {5+2A5 —2e% e+ ggA—i— 352}

Kaxk Bumno, lin'(l) w =0, a 71151 JTI060r0 CKOJILKO YTOJIHO MAJIOTO (i BCETJIa MOYKHO HANTH COOTBETCTBYIOIIEE £, TAKOE, UTO
E—r

BCE 3HAYEHUsI OTHOIEHUsT (DYHKIMIA MOMAIyT B 33JaHHYIO [-TPYOKY. DTO U O3HAYAET, ITO MpeJiel OTHOIIEHUsT (DYHKIIUN
pasen A. ]
HdocrarouHoe ycsioBue crpororo Bospacranusi (yObiBauusi) GyHKIUM HA IPOMEXKYTKE.

Teopema. st Toro urobnl muddepennupyemas Gyukus f(z) Ha uaTepBase (a,b) cTporo Bo3pacrasa, JOCTATOYHO,
arobel Vo € (a,b) : f'(z) >0

st roro urobsr muddepennupyemas dbyukims f(z) Ha unrepsade (a,b) crporo ybbiBasa, J0CTATOIHO, YTOOBL VI €
(a,b): f'(z) <0

Jloxazameavcmeo. JlokazkeMm jjist crpororo sospacranus. Llycrs f'(z) > 0 Va € (a, b). BoibepeM 11pou3Bo/ibHbIE TOYKE
x1,x2 € (a,b), u, He orpaHMYUBas OOIIHOCTU, CKAYKEM, 4TO T1 < To.

ITpumenum bopMyTy KoHeuHbIX Tpupamienuii Jlarpanxka. Tak kax f'(€) > 0 u o > 11, uMeem

flxa) = flx1) = f1(&) - (2 —21) >0 = f(z2) > f(z1)

Bonpocel, koTopbie ObLJI YOpaHbl U3 MPOTPaAMMbl KOJIJIOKBUYMAa

. DKBUBaAJIEHTHOCTH onpeaeseHuil npeaeaa yukiuu no Komm u Teiine

Teopema. Oupenesenus npejesia gpyHkiuu B Touke 110 Komu u eiite 3KBUBaIeHTHBI

Hoxazameavemeso. Ilycrs f onpenenena wa mMuOX)ecTBe X W 9HCI0 A dBJseTcs mpesesoM (QyHKuun f B TOUKE g
B cmbiciie Komu. Bribepem mpon3BOIBHYIO HMOIXOMAILYIO HOCIEI0BATENIBHOCTD Ty, € N, T.e. Takyro, /s KOTOPOI

VneN: z, € Xu lim z, = xg. [Tokaxkem, uro A siBjisieTcsl 1Ipejie/ioM B cMbIcjie LeiiHe.
n—o0

Saga M Tpou3BoIbHOE Yucso € > 0 u ykaykeM Jijist Hero takoe & > 0, uro Vo € X u3 yceaoBus 0 < |ac —xo| < § crenyer

HepageHcTBoO | f(z) — A| < e. B cuay roro, uro lim x,, = x, mig § > 0 naiigercs rakoit Homep N € N, uro mis Beex
n—oo

n > N Oyzer BBIIONHATLCA HEPABEHCTEO | f(z,) — 4| < &, Te. lim f(z,) = A.
n—oo

ILOK&)KBI\I Telepb O6paTHoe yTBEep2KAeHNE: IIPEAINOJIOZKUM, IYTO A - hm f(.f) B CMBICJIE ]:‘eI./JIHe7 1 IIOKazKeM, 9ITO YUCJIO
T—xQ

A saBiisiercst npejesiom GyHKnuu f B Touke g B cMmbiciie Kommm. [Ipeamnooxkum, 94To 9T0 HEBEPHO, T.€.

Jeo >0V >0Tzs€ X 0<|zs—wo| <I: |[f(zs) —Al =€

1
B kauectBe § paccMoTpuM § = —, a COOTBETCTBYIOIINE 3HAYCHUS L5 OyJieM 0D03HAYATH T,. loria mpu Jjiobom n € N
n

1
BBIIIOJIHSIIOTCSL YCJIOBUS Ty, 7# X0, |Tn — To| < — u |f(z,) — A| > . Orcroga ciieiyer, 9To 110CIEI0BATENBHOCTD { Ty, }
n

SIBJISIETCST TIOMXOJIATIEl, HO unciio A He siByistercst ipejiesioM MyHkimu f B Touke zg. [losydmim mpotuBopedne. ]

. Teopema o nuddepeHnupyemocT obpaTHoOil pyHKIAN.

Teopema. Paccmorpum dyukimio f(x), Koropas ABASETCsI CTPOrO MOHOTOHHOM Ha HEKOTOpOM uuTepBase (a,b). Ecam
B 9TOM MHTepBaJIe CyNeCTBYeT TaKas TOUKa Tg, 9To f'(zg) # 0, To bynknus x = ¢(y), obparnast K bynkman y = f(z),
rakxke auddepenipyema B Touke Yo = f(zg) U €€ nupousBoHAas PABHA

@I(yO) = f/(xo)
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Hoxazamenvcmeo. Ilycrs nepemennas y B ToUke ¥y nosydaer npupaiienne Ay # 0. CooTBETCTBYIOIIEE eMy IIpUparie-
HIE TIePEMEHHOM & B TOUKe X 0003HaunM Kak Az, npudem Az # 0 B cuity crporoit MoHOTOHHOCTH byHKINN §y = f(z).
3amuiiemM OTHOIIEHUE IPUPAIIEHUI B BUIE

Ax 1
ANy Dy
-~

Homycrum, uro Ay — 0, rorma Az — 0, nockosbKy obparaas dbyHKIms & = @(y) ABJISIE€TCs HEIPEPBIBHOI B TOYKE Y.
B npenese, npu Az — 0, mpaBasi 9acTb 3aIHCAHHOTO COOTHOIIEHUSI CTAHOBUTCST PABHON

I 1 1
im —— =
Az0 % 1 (zo0)

B TakoMm ciydae jieBast 9acTh TOXKE€ CTPEMUTCs K IIPEEITy, KOTOPBIA MO OIPE/IEJICHNI0 PABEH IIPOM3BO/IHOM 0O6paTHOM
byHKIMN:

. o
A Ay T (%0)
Takum obpazom,
, 1
¢’ (yo) =

f'(wo)

. IIpousBogubie dyHKINi, rpadUKN KOTOPHIX 33JaHbl HapaMeTPUYECKU.

Teopema. 3aBUCHMOCTb MeXK]Ly ApryMEHTOM & ¥ (DYHKIHEH ¢y MOYXKeT ObITh 33/1aHa B ApAMETPUIECKOM BHUJIE C TIOMO-

IIbIO IBYX YPaBHEHUA:
z = (1),
y=v(t)

[Tycrs © = ¢(t) n y = ¢(t) oupenenenst n guddepenmupyemsr upu ¢ € (a,b), nupuuem x; = ¢’ (t) # 0 u = p(t) nmeer
obparuyio dyakuuio t = 0(x), To

Loxazameavcmeo. Ilepeitmem oT mapamerpuwdeckoro 3amanus K siBHOMY. [Ipm sToM mosydaeMm CHOXKHYIO (DyHKITHIO
y =1(t) =¢(0(x)), apryMeHTOB KOTOPOIi SBJISETCH .

ITo mpaButy HAXOXKIEHUS TPOU3BOIHON CJIOKHOM (DYHKINA UMEEM

. Teomerpuueckuii cmbica guddepenipaia.

Huddepenrnan GYHKINA IUCTEHHO PABEH MPUPAINEHUIO OPANHATHI KACATEJIHHO, MPOBeIeHHON K rpaduKy GyHKIUN
y = f(z) B 1aHHON TOYKe, KOT/Ia apryMeHT & TIOJIyJaeT npupaiierne Ax.

Tlogpobmee TyT
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