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1. CobcTBeHHbI MHTErpaJl, 3aBUCIIIUIA OT mapaMerpa. Teopema 0 HeMPEePbIBHOCTH IO Mapa-
meTpy. Teopema o mudppepennupoBaHny Mo MapamMeTpy I0J] 3HAKOM mHTerpaJjia. Teopema

00 MNHTEerpyupoBaHUM II0 IIapaMeTpy 1104 3HaKOM HMHTerpaJia.
1.1. CobGcTBeHHBII MHTErpaJi, 3aBUCAIIANA OT mapamMeTrpa.

Omnpenenenne. CoOCTBEHHBIM HHTETPAJIOM, 3aBUCSIIEM OT IapaMeTpa, OyJeM Ha3bIBATH UHTErPAJI BHUIA

B(y)
F(y) = / f(,y)de,
a(y)

rje « u 310 Hekue QYHKIWHU, OIpeJeJIeHHbIe JIJIs i U3 HEKOTOPOro oTpe3Ka [¢; d).

1'_:[a,CTO an 6 ABJIAIOTCA KOHCTaHTaMM1 U I/HITeraH HpI/HH/H\fIaeT Cﬂe,[[yIOH];I/II;'I BI/I,H:
B
Fly) = / f(z,y)de.
(o3

1.2. TeopeMma 0 HEmPEPBLIBHOCTH IO IIapaMeTpy

Teopema. Paccmorpum G = [a;b] X [¢;d] u nycrs dynkuua f: G — R — HenpepbiBHA Ha OrPDAHMYEHHOM 3aMKHYTOM
MHOXKECTBE, OTKYy/Ia CJICAYET, 9TO OHa PABHOMEPHO HEIIPEPLIBHA.

Iycrb «, S HempephIBHBL Ha OTpPe3Ke [¢; d], Torna dbyHKIus

B(y)
F(y) =/( | f(x,y)dw

pPaBHOMEDHO HeNpepbIBHA HA [¢; d].

Jloxaszamenvcmeo. JlokarxKeM HEIPEepPbIBHOCTD.
IIycth dpyHKIMs f orpaHuveHa KaKuM-TO ducjaoMm M.

B cuity HenpepbiBHOCTH (¢ 1 3 fjist qiroGoro € > 0 cymmectByer 6 > 0, uro u3 yeuosus |y — yo| < § caenyer |a(y) — a(yo)| < e

u [B(y) — Blyo)l <e.

B cuy pasHOMepHO# HenpepbiBHOCTH [ jiig Jioboro € > 0 cymecrByer 0 > 0, yro u3 ycuaoBud |y — yo| < d cuemyer

|f(z,y) — f(z,90)] <e.

Bocnionb3yemcest atum:

P - ol =] [ s [ s o]

a(y) a(yo)
B(yo)
[ — 1pubaBUM U BBIYTEM WIEH / f(z, y)dx]
a(yo)
B(y) B(yo) B(yo) B(yo)
| [ rewie- [ paade [ feado = [ fads]
a(y) a(yo) a(yo) a(yo)
B(y) B(yo) B(yo) B(yo)
<| [ tewds- [ g+ | [ s [ fw o]
a(y) a(yo) a(yo) a(yo)

[ — omeHnM caraeMoe ¢ MOJLYJIEM MHTErPaJia KAk WHTETPAJ MOYJIA |

B(y) B(yo) B(yo)
< / f(fmy)dfﬂ—/ flz,y)dz +/

(v) a(yo) (yo)

[ — packpoeM IiepBoe ciiaraemMoe; Jjist HOHUMaHus npejcrasbre, 4o ay) < a(yo) < B(yo) < By) ]

a(yo) B(y) B(yo)
:/ J(a,y)de + / £ (z,y)da| + /

F(@,9) = £(@,90)|de

fw,y) = (@, o) do

(v) B(yo) (o)
a(yo) B(y) B(Yo)
<[ Tlewlder [ fepldet [ ) - s do
a(y) HJ\T Byo) S~ a(yo)
XX X <e

< (ayo) —aly)) - M + (B(y) — B(yo)) - M + (B(yo) — a(yo)) - €
=2-¢- M+ (B(yo) —aly)) e =€,



TO ecTh BbIOMpas § > () Mbl MOXKEM ¢leJaTh TaK, uto |F(y) — F(yo)| < & aus moboro €' > 0. |

Temepb HEMHOTO O TOM, 3aUeM HaM 3Ta Teopema. Ecam BMecTo oTpeska [¢;d] paccMoTperh [¢;+00), TO yTBEPKIEHHE U3

TeopeMbl OCTAeTCsi BEPHBIM U U3 PaBHOMEpHOIT HenpepbiBHOCTH f(2,y) Ha [a;b] X [¢; +00) caexyer

B(y) B(y)
3 lim F(y)= lim f(x,y)dz:/ lim f(z,y)dz.

Yy—r—+o0 y—>+o00 a(y) aly) y—+o0

1.3. Teopema o nuddepeHIupoBaHUA O apaMeTpPy IMOJ 3HAKOM HHTerpaJa.

st mpocToTs! n3soxkerust OymeM paccmarpusarh a = ay) u b = B(y). Torma
b
Fo) = [ fag)d.
a

Teopema. Ecin f menpepeiBHa Ha G = [a;b] X [¢;d], a Tak:Ke TpOU3BOIHAS 50 CyIecTByeT U HemnpepbiBHa Ha G, TO F
Y
HenpepbiBHO Juddepennupyema Ha [c; d].
IIpmaem sTa Tpon3BOHAS MOXKET OBITH BBIUNC/ICHA!
b
of
F'(y)= [ —=(z,y)dz.
W =] 5w

Zloxaszamenvcmeo. Heobxoaumo 10Ka3aTh, 9TO OTHOIIEHNE CTPEMUTCS B TIpeJiesie K HHTErpay:

_ F(y) — F(yo) bof e y) — f@ ) bof
D_ﬁ_/a aiy(x’yO)dx—/a Y — 1o dl‘—/a @(ﬁ,yo)dm

TTo Teopeme o cpesreM (Teopema Jlarpamka, 1 Kypc) Ha oTpeske [yo; y] Halizercs Touka y* Takas, 4TO

Fey) — f,g0) = %;<x,y*> -

HO,ILCT&BI/IM B Hallly Pa3HOCTb:

b b b b
Flo.) — .o o1 of o1
Dl == | [ LI g, [ igas] < | [ S yyae - [ o
a Y — Yo o Oy o Oy o Oy
b b
o5 o1 o5 of
| [ (B -Fow)al < [|E e - Fww|ar< oo
/a (39 y a0y dy -
<e
Tocnenuuit mepexo; MOYyYaeTCsl B CHIIy PABHOMEPHOI HEIPEPBIBHOCTH 5, 2 G u toro, aro |y* — yo| < |y — yo| < &.
Y
F(y) - Fly) o
To ecThb MBI JIOKa3aJi, 9TO —————"" DaBHOMEPHO CTPEMUTCH K HUUCILY a—(sr:,yo)dx, TO €CTh CYIIECTBYeT IIpejiel,
Y—Yo a 9Y

KOTODBIfl MBI U Ha3bIBaeM IpoussoHoit F(y).
HemnpepbIBHOCTh NPOU3BOHOM TOIYUaeTCst KaK CJIeJICTBAE TIPeIbIAyIeil TeopeMbl (0 HENPEPHIBHOCTH 110 TIapaMeTpy ), TJe B

POJTH HENPEPBIBHOM (DYHKINK BBICTYIIAET 3 |
Y

MHOI‘LL& MBI HE MOZKEM B3dTh KaKOW-TO nHTEerpaJi, Ho ¢ IIOMOIIBIO ITOM TEOPEMbI Mbl MOZKEM B34TH IIPOU3BOJIHYIO MHTETPAJIA,

a 3Had IIPOM3BOJIHYIO IIOTOM HAWTH caM WHTErpaJl.

1.4. Teopema 00 MHTErpHMpOBAHUM IIO IIApAMETPY MO 3HAKOM HWHTErpaJa.

b d
Iycrs F(y) = f(z,y)da. Mbt xorum 31y GYHKIMIO IPOUHTEIPUPOBATH, TO €CTh HANTH / F(y)dy. Bosuukaer Borpoc,
(&

a
MO2KHO JI1 IIepeCTaBUTh MHTEr'PaJIbI.

Teopema. Eciau f HenpepwisHa Ha MHOXKecTBe G = [a;b] X [¢;d] (10 ectb oHa mHTerpupyema Ha (), ¥ BBINOJHSIIOTCSI

CJIEJIYIOIINE JIBA ITYHKTA:

b
e 1pu s06OM 3HaveHUn y € [¢; d| dynkmus f(x,y) uHTErpHpyeMa 1Mo &, TO €CTh CyIECTBYeT / f(z,y)dz;
a



d
e 1pu J06oM 3HavueHun & € [a;b] dyukumsa f(z,y) uHTErpEpyema 1o Y, TO €CTh CYIIECTBYET / f(z,y)dy;
(&

TO 3TU WHTErPaJIbl PABHBI JAPYT JIPYTY, TO €CTh

/a b / " y)dyd = / ' / " f(a,y)dady.

Loxazameavcmeo. lokazarenbcTBo cireyer u3 TeopeMbl OyOuHN 0 TOM, 9TO IOBTOPHBIE MHTEIPAJIBI PABHBI JIBOIHOM MHTE-

rpaJiy 1o HpsAMOYTOJIbHUKY:

/a b / " fo )y = //G f(z,y)dzdy = / ’ / " fo,y)dady.

WMuTerpupoBanne mo mapaMeTpy TakkKe WHOTIA IMO3BOJISET BBIYUACIUTH WHTErPaJj, KOTOPBIH MO-IPYyrOMY BBIYHC/IATH HEBO3-

MO2KHO.

2. PaBaomepHnas cxoauMmocThb cemeiicTBa dyuknmii. Onpenesnienne. Kpurepunit Kommn paBHo-

MEPHOM CXOAMMOCTM!.
2.1. PaBHOMepHasi CXOANMOCTb ceMeincTBa pyHKITHUH

Mgr 6ymem paccMmarpuBarh akTHYecKn (QYHKIUU OT ABYX nepemeHHbIX f(x,y), rne x € D, y € H. Bynem rosoputb 1upo
f(z,y) Kak mpo cemeticmeo Pyrryud, TOHUMAsI, ITO ITO JUOO PYHKIWsS OT T TpHU (PUKCAPOBAHHOM ¥, OO (PYHKIHUS OT Y

pu (PUKCUPOBAHHOM .

Onpenenenne 1. IlycTh Touka a NMPUHA/IEXKHUT 3aMbIKaHUIO MHOXecTBa D (0603H. a € D), TO ecThb JeXKUT JUO0 BO
muoxkectse D, 6o Ha ero rpanune. Cemeiicrso dyukuuii f(x,y) crodumes upu x — a k byuxiuu g(y), ecau g Joboro
yeH

f(z,y) = g(y).

Tr—a

Onpepnenenne 2. Cemeiictso f(x,y) CXOQUTCS IPH & — a pasromepho o y € H, ecin
Ve>030(e)>0:VeeD0< |z—al]<d = Yye H|f(x,y) —g(y)| <e.

PaBHOMEPHOCTD 3/1€CH COCTOUT B TOM, 9TO IIPHU JAHHOM € MBI MOXKeM Hafitu § > 0 oJmHAKOBOE JJIsT BCeX Y. AJIbTepHATUBHO,
ollpejie/ieHre MOYKHO IIepelncaTh 9epe3 CylpeMyMbl,

sup |f(z,y) — g(y)| — 0.

yEH r—a
IMpumep Paccvorpum dyuximio f(z,y) = y* — y**, u Gygem cunrare, uro x € [1,+00), y € [0,1],  — +oo. Mur
MOYKEM CKa3aTh, YTO IIAPAMETD & CTPEMHUTCA K OCCKOHEYHOCTH, & IIEPEMEHHOI ABJIAeTCA Y, JInOO IpaBUbHEE, HaBEpHOE,
OyJeT CKa3aTh, YTO TO, YTO CTPEMHUTCHA — MEPEMEHHas, a TO, 9YTO HE CTPEMUTCA — IapaMerp. 11osToMy Takue 0603HAYECHHs
CyOBEKTUBHBI U MBI CIMTaeM f IpOCTO pyHKIHUe JIByX nepeMeHHbIX. [TonaTHo, 1To

0, €10,1),
TS yel ):>yz—y21—>0.

1, y=1.

Taxum 06pa3oMm, Mbl UMeeM peieabiyio dbyukimo g(y) = 0 aya aodoro y € [0, 1]. g orBera Ha BOIPOC 0 PABHOMEPHOCTH

CXOIMMOCTHU ceMeiicTBa f K QYHKIINU ¢, Hy?KHO BBIYUCIUTD CyIPEMYM

x T T 1
sup |f(z,y) —gy)| = sup |y* —¢y** —0| =[t =y"] = sup |t—t2|:g 4 0.
yel0,1] vel0,1] t€[0,1] 2400

CyupeMyM OTJeJIeH OT HyJisl, II09TOMY PABHOMEPHOH cxogumocTu Her. Ilosydaem, dro f cxomurcs morodedHo K ¢ (mpu

Z — +00), HO He CXOIUTCH PABHOMEDHO.



2.2,

Kpurepuit Komm

Teopema 0.1. Cemeticmeo dynxuyuts f(x,y) cxodumes pasnomepro noy € H, npu x — a, x dynxyuu g(y) mozda u moavko

mozda, xoz2da

0<|z1—al <6,
Ve >0 36(e) > 0: Vay,20 € D = Yy € H |f(z1,y) — f(z2,y)| <e.
0< |1’2—(L| < d;

IMockosbky «cBoiicrBo Kommu» (Bbipazkenue Bbilie B KBAHTOPaX) HE 3aBUCUT OT (DYHKIUU ¢, Mbl MOXKEM YTO-TO YTBEPKJIATDH

PO PABHOMEPHYIO CXOJIUMOCTDb cemeiicTBa (MyHKIWT f Oe3 BBIUNCIEHUs] CAMOU IIpeesIbHOM (DYHKIIUU §.

ﬂonasammbcmeo. -

|f(z1,y) — flo2, )| = |f(z1,9) — 9(y) + 9(y) — f(22, )| < |f(w1,9) — 9(¥)| + g(y) — f(z2,9)|-
HOCKOHbe nMeeT MeCTO paBHOI\’IepHaH CXO):LI/II\/IOCTI)7 TO

30:0< |21 —al <8 = |f(z1,y) —9(y)| <

b

MR M

36:0 < |z —al <6 = |f(z2,y) —g(y)| <
Torna,

|f(z1,y) — flo2, )| < |f(z1,9) — gW)] + |9(y) — f(22,9)| <e.

<= lasaiite 3adukcupyem y € H, To ectsb Gymem paccmarpusats |f(z1,y) — f(z2,y)| kKak dyrkuumo ot 21 u z5. [omoxkum

3.1.

F(z) = f(z,y) (Mbl MOXKeM Tak clenaThb, HOTOMy 4TO y bukcuposano). Torma, F(z) nupu © — a yuoierBopsier
kpurepuio Ko, 10 ecTh cyniecTByeT KOHCTAHTA g Takas, 4ro F(x) — ¢. Eciu Mbl 6yiemM MEHATD ¥, TO Oy IUTCs,
r—ra
gyro cymecrByer dyHknus ¢(y) rakas, aro f(x,y) — g¢(y). Jokaxkem paBHOMepHOCTH 3T0i1 cxomumocTu. st 9T0ro
r—a

pPaccMOTPUM HEPABEHCTBO

|f(z1,y) — flo2,9)| <e,

U YCTPEMHUM Ty — @, TOI/Ia, IOCKOJIBKY IIPeJIeJIbHBII IIepexo MOXKeT IOBJIUATh Pa3Be YTO Ha CTPOIOCTh HEPABEHCTBA,

nMeemM

|f(x1,y) —g(y)| <e,

9TO PABHOCUJIBHO OIIPE/EJIEHUIO PAaBHOMEPHOU CXOJMMOCTH.

CsoiicTBa paBHOMEPHO cxojisierocsi cemeiicrsa dpynkiuii. Teopema o npeaesibHOM niepe-
xoge. Teopema o HeOpPepBIBHOCTH IO NapaMeTrpy. Teopema o6 MHTerpupoBaHUU MO Iapa-

meTpy. Teopema o auddepeHnupoBaHur MO MapamMeTrpy.

Teopema o nmpeneJpHOM Hepexoae

Teopema (TeopeMm 0 npejieIBHOM HEPEXOJIE).

IIycTs:
yeH
o f(z,y) = g(y)
r—ra

e VzeD: f(zx,y) -, h(x)
Yy—r

¢ h(x) QC:)(Z ¢

Torma lim g(y) = lim h(x) = ¢
y—b T—a



JHoxazamensvemeso. Heobxonumo nokazars, uro |g(y) — | masa.
l9(y) — ¢l < lg(y) = fz, )l + | (z,y) = ~(@)[ + [h(z) = ¢

€
e |g(y) — f(z,y)| < 3 IpH O0<|x—a|l<dy, Vye H
. |h(m)—c|<%,npn0<|x—a|<5g
o |f(z,y) —h(z)| < % upu duxcuposantoM x 1 0 < |y — b| < 03

I[n515:§3:\g(y)fc|<§+§+§:5 |

3.2. Teopema o HepPePBIBHOCTHU IO IapaMeTpPy

Teopema (Teopema o menpepbiBHOCTH 110 HapaMeTpy). Ilycrs
yeH
o flz,y) = g(y)

Tr—a

e f(z,y), Vo € D — HenpepbIBHA KaK (DYHKIHUS OT Y B TOUKE Yy = b
Torna g(y) — HenpepbiBHA B TOUKe Yy = b

Joxazamesvemeo. Heobxonumo nokasars, 4To npenen pasHocTa |g(y) — g(b)| pasen mysmio.
9(y) = 9O < lg(y) = f(z,y)[ + [f(2,y) = f(2,0)] + [ [ (2, b) — g(b)]

e [g(y) — f(z,y)| < E, upu 0 < |z —a| < 01,Vy € H (B cuiy ycsioBuii paBHOMEPHO CXOMMOCTH )

w

— 9TO YACTHBIN ciIydaii npeaplayinero nyHkra (rak kak b € H 1o ycjaoBUIO TeopeMbl)

o [f(x,0) - g(b)| < =

3
o |f(x,y)— f(z,b)] < g npu GUKCUPOBAHHOM & U, B BUJly HenpepbiBHOCTH f(2,y) 110 y B TOUKe y = b (ycsioBue Teopemsi),
ly — b <2
€ € ¢
,Hn516:§2:\g(y)—g(b)|<§+§+§:6 [ |

3.3. Teopema 06 MHTErpupOBAHUHU MO MapamMeTpy
Teopema (Teopema 06 unTerpupoBanuu 1o napamerpy). Ilycrs
e Ilycts H — KOpJaHOBO MHOXKECTBO
e f(x,y) — orpanmyena na D X H

e Vx € D: f(x,y) — mHTErpUpyeMa 110 Y

yeH
o flz,y) = g(y)

r—a
Torna dyukws g(y) nHTErpUpyeMa u / g(y)dy = lim/ flzy)dy
H Tr—a H

Joxasamenvcmeo. Cuagana gokazxem, uro ¢hyuknus ¢(y) — uaTerpupyema.

Cuyuaii, korga p(H) = 0 — rpuBunasen: jnobas QyHKIUS UHTErDUPYEMa Ha 9TOM MHOXKECTBE U HMHTErpajl PaBeH HyJIo.
Tosromy nasee pacemarpusaeM caydait p(H) # 0.

Ilist aToro Bocmosib3yemcst KpurepueM JlapOy.

Tycrs {H;} — pasbuenue muoxkecrsa H. Torpa HeobXonumo 10Ka3aTh:
Z sup  |g(y1) — g(y2)|u(H;) = ng(Hi)u(Hi) < g, rae u(H;) — mepa muoxecrsa H;.

. Y1y2€H;

lg(y1) — g9(y2)| < lg(yr) — f(z,y1)] +i\f(33, y1) — f(@,y2)| + | f(z,92) — g(y2)|

- — — o1, V H
i |g(y1) f(x7y1)|<3u(H)7HpH0<|x CL|< 1, VY1 €



o |f(z,y2) —g(y2)| < npn 0 < [z —af <0y, Vy» € H

€
3u(H)’
Teneps mepenumemM CyMMy ¢ yIETOM OI_[eHOK BBIIIE [T 0 = min(517 d2):

D sw lg(n) = gly2)|u(H) < o H)+3 sup [f(@,yr) = f(@, o) lu(H

y1,Y2€H; P y1,y2€H

i

. Z sup |f(z,y1)—f(z,y2)|u(H;) < % no kpurepuio Japby, Tak kak f(z,y) uaTerpupyeMa 1o y 1pu GpUKCHPOBAHHOM

3 Yy1,y2€H

x (ycsaoBue TeopeMb)

e € ¢
Takum 06pas3om, E sup  |g(y1) — g(y2)|u(H;) < 3 + 3 + 3= € = ¢ — uHTerpupyemMa 1o kpurepuio JlapOy
. Yi1,y2€H;

Teneps moKazkeM BTOPYIO 9aCTh yTBEPXKIECHUS — HAYIUMCS OpaTh MHTErPaJl OT (DYHKINH ¢.

‘/ f(z,y) dy‘ / lg(y) — f(x,y)|dy

e [g(y) — flz,y)| <empu0<|r—a|<duVyeH

CrenoBaresibHO,

/H(g(y) - f(xyy))dy‘ < ep(H)

(g(y) f(xy))dy —0

/f,ydy—/()der/(() mydy—>/ [

3.4. Teopema o qudrdepeHITUPOBAHNN 10 [IAPAMETPY
Teopema (Teopema o muddepenruposanuu o napamerpy). Ilycrs
e H — BBIIYKJIO€ OIPAHMYEHHOE MHOXKECTBO (HAIIPUMEp: OTPE30K [¢, d))

e Vx e D: f(x,y) — nudpdepennupyema 1o y € H

H PR
o fz,y) z%a 9(y),a €D

yeH

o fy(z,y) = h(y)

Tr—a

Torna g(y) — muddepenupyema na muoxkecrse H u g'(y) = h(y)

Joxazamenvcmeo. Cuagana pokaxkeM, 910 f(x,y) yéH g(y). dns sroro Bocnosb3yeMcst KpurepueM Koru: xorum j10ka3arh,
uaro |f(x1,y) — f(z2,y)| < € paBHOMEPHO 110 BeeM yfc:cann TOJIBKO X1 U Tg JIOCTATOYHO OJIM3KO K TOUKe a Jjiexkar. Torma Oyaer
BBINOJIHEHO yesosre Koy, a 3HauuT, uro cemeiictBo f(2,y) paBHOMEPHO CXOIUTCS K CBOEHl TIpeesbHON QyHKIMHA g.
Bozbmém kakoe-uubynp yg € H, Torma:

|f(z1,y) = f(22,9)| < [(f(z1,y) — f(@2,9) — (f(@1,90) — f(@2,90))] + [(f (21, 90) — f(22,90))]

Teneps 3adukcupyem x1 u x2, Torga MoxkeM paccMarpuBarh Gyukuuio ¢(y) = (f(x1,y) — f(z2,y)). Tak Kax MbI U3 ycioBus
TeopeMbl 3HaeM, 9To f(z,y) auddepenimpyema o y € H, to u dbyuxkuun ¢(y) muddepernupyema mo y € H. Teneps He0O-
XOJMMO TIPUMEHUTD TeopeMy Jlarpamxka g dyakiun ¢(y). Mogudunupyem paBeHCTBO JaJiblie:

|f(@1,9)—f(22,9)] < la(y)—a(yo)|+|a(yo)| = [Teopema Jlarpamzxal = |¢'(y+)|-ly—yol+|a(yo)|, rae y* € [min(yo, y), max(yo, y)]
Bepuémcs k zamnmcu yepe3 QyHKIUO f:

|f(z1,9) = fla2, 9)| < | (@1, y%) — fi (2, 9%)] - |y — yol + [(f(21,90) — f(22,90))]

yeH
e Ilo ycioBuio Teopembl f;(x,y) = h(y) =, upumenus Kpurepuii Komm s 1pou3BoJHON MOMXKEM CKa3aTb, YTO
r—ra
€
/ !
21, y%) — fi (22, y%)| < =———
|fy( 1, Y ) fy( 2,Y )l Qdmm(H)

* |y —yol < diam(H)

o [(f(@1,50) = f@a,m0))| < <,

5 TAK KaK f(z,y0) = 9(yo)



Uroro: |f(z1,y) — f(z2,y)| < e
flo.y) = 7(@.8) v g0) —00) |y g 4y
y—>b z—a y—>b

st aTOrO MaBaiiTe cHOBa BOCHOJIb3yeMcst KputepueM Korrm:

f(x1,y) — f(21,0)  floa,y) — f(x2,b)

y—>b y—>b
Cuosa Beesém byukmuio F(y) = f(x1,y) — f(22,y) KaK B 1epBOil 4acTH JOKA3aTEJbCTBA U CHOBA BOCIIOJIL3YyeMCs [IJisl Heé

Tenepb XOTHUM JTOKa3aTh

dopwmyiioit Jlarpamxka. [lepenuiiiem paBeHCTBO:

T, — T ,b X9, — T 7b F'(yx) - _b
f(ly;_g(l )f(zy;_g(z ) _ (Zl/y)_(ZbJ )'F'(y*)l,mey*e[b,y}
Torna, BepHyBIINCH K 3anucu ¢ f moydaem:
— - €H
f(fm,y; = [J:(a:h b f(xz,y; - g(:cz, )| _ | fo (@1, y%) — fr (22, y%)| < &, Tak Kak 10 ycmoBuio Teopenmsi f, (,y) ji;u h(y)

Tenepb ocTaI0Ch BOCIIOJIB30BATBCS TEOPEMOI O BHECEHUU IIPeesia MoJI, 3HAK PABHOMEPHON CXOJIUMOCTH:

f($7y) — f(va)

. 9(y) —g(b) _ S L i ~ i _ ) =
ilg}) b [em. mynkT 3.1 nekimit] = i;rrb 7513% b = ;gr; fy(x,0) = h(b) = ¢'(y) = h(y), aT0 U TpeGoBa
JIOCh JOKA3aTh. |

4. PaBHOMepHasi cx0IUMOCTb HecoOcTBeHHOrOo mHTerpasa. Onpenesienune. Kpurepnii Ko
PaBHOMEPHOII CXOIMMOCTH HECOOCTBEHHOro mHTerpaJia. Ma>kopauTHblii npu3sHak Beiiep-
miTpacca paBHOMEPHOII CXOJUMOCTU HEeCOOCTBEHHOI'o MHTerpaJsa. Bropas mHTerpaJjbHasd
TeopeMa o cpeaHeM ([Jiss cobcTBeHHOro mHTerpasia). Ilpusnaku upuxiie u AGens pas-

HOMepHOﬁ CXOAMMOCTHN HeCcOOCTBEHHOI'O mHTerpaJia.
4.1. PaBHOMepHasi CXOAMMOCTh HECOOCTBEHHOT'O MHTErpaJsia.

Onpenenenue. HecobcTBeHHBIM WHTErPAIOM, 3aBUCSIIIM OT APAMETPa Y HA3BIBAETCs CJIELYIONIUN MHTErPAJI:

w t
[ Hawde =t [ fea)ds =P

e w 3TO OO 00, MO0 TOYUKA B KOTOPOH MOJALIHTErpaibHas (DYHKINS UMEEeT OCOOEHHOCTDb, TO €CTh CTPEMUTCS K OECKOHE'-

HoctH, f wWHTErpupyema Ha [a;t] upu Vt € (aw) u nupu Yy € H

OHpeﬂeJIeHI/Ie. HecobcerBennbriit uHrerpali, 3&BI/ICHH_[I/IIU/I OT ITapaMeTpa Y Ha3bIBACTCA CXOJANMUMCA, €CJIN CYIIeCTBYET KOHEYT-

HBII IIpeJIesT U3 OIPEJIEJICHNsT BhIIe, TO €CTh
¢
Jlim [ f(z,y)dx < oo
t—w
a

Onpenenenue. Ilycrs HeCOOCTBEHHBIN MHTErpPaAJI, 3aBUCAINNAN OT mapaMerpa cxomurcs Yy € H, Torga HeCOOCTBEHHBIH WH-

TerpaJ dBJ/IdeTCd PaBHOMEPHO CXOAAIIUMCHA, €CJIN

t—w

sft) = [ Sagas'S ()

4.2. Kpurepuit Koiiiu paBHOMepHOI CXOAMMOCTH HECOOCTBEHHOrO WMHTErpaJia.

Teopema.

w to
/f(x,y)dx CXOZMTCS PABHOMEPHO 10 §y € H <= Ve > 0 U (w): Vi1, ts € Ue(w) ’ /f(:my)dx‘ <e
t1

a

rie U (w) 9T0 HEKOTOpAasi OKPECTHOCTD W, 3aBUCSIIIAA OT &

10



Zloxaszamenvcmeo. PaccmoTpum cemeiicTBO dyHKITTIL

olty) = / f(zy)de = F(y)

3HaeM, 9TO PaBHOMEDHAsI CXOJAMMOCTH HECOOCTBEHHOIO WHTErpaJjia PABHOCHIbLHA PABHOMEPHOMN CXOJMMOCTH JIAHHOTO ceMeli-

cTBa QYHKIWMHA, C IPYToil CTOPOHDI

[ Hawde = g(ta) ~ gltrg) = | [ feais] < = lgttan) - o(trw)] <

Bamernm, 4TO mocieqHEe HEpaBeHCTBO 310 Kpurepuit Komm (ycmosne Komm) misi paBHOMEpHOH cxomuMocTu cemeficTa
dyHRIMiA pn ¢ — w.

Hemmnozo noacnenut: Mbl 3Ha€M, 9T0 KPUTEPUEM HAJIMYIUA PABHOMEPHON CXOIUMOCTH siBJisiercsa Kpurepuii (yciaosue) Komu,
KOTOPBIN 3aKJIIOYAETCS B MMOCJIE/HEM HEPABEHCTBE, KOTOPOE B HAIIEM CJIydae SKBHBAJEHTHO HEPABEHTCBY JIJIsi COOTBETCTBYIO-
1iero uHTerpasia (MHTerpas paBeH pasHOCTH), TO ecTh Kpurepuil Komm Jij1st HecoGCTBEHHOIO HHTErpaJia 9T IPOCTO KPUTEPHit

Ko st coorBercTByIOITIEH 11€PBOOOPA3HOIA. |

4.3. MaxkopaHTHBIII Tpu3Hak BeiiepiiTpacca paBHOMEPHOI CXOAMMOCTUA HECOOCTBEHHOTO MHTErpaJa.

Teopema. Ilycrs f(z,y) unrerpupyema 1o x € [a,t], Vt € (a,w), Yy € H, u uycrs |f(z,y)] < g(z,y), roe (z,y) € [a,w) x H

(B cuity CBOMCTB HECOOCTBEHHOIO MHTErPAJIA MOKEM TPeOOBATH, YTOOLI HEPABEHCTBO BBIOJIHIIOCH B CKOJIb YTOAHO OJIM3KUX
w

TOYKaX [0 & K w), upudeM ¢(x,y) uaTerpupyemMa 1o € [a,w) B HecobCcTBEHHOM cMbicsie upu Vy € H u / g(z,y)dx cxomurcs

a
PaBHOMEDHO IO Y, TOTIa

w

w w
/ f(z,y)dx paBHOMEPHO CXOIUTCS U YIOBJIETBOPSIET HEPABEHCTBY ‘ / f(x,y)dx‘ < / g(z,y)dzx
a a

a

Joxazamenvecmeso. B cuiy toro, uro |f(z,y)| < g(x,y) Bepuo, uro
t t
| [ tandd] < [ gtz
t1 t1
2
TaK Kak ¢(x,y), 10 YCJIOBHIO, CXOAUTCSI PABHOMEPHO, 3HAUUT JIJIsl HEI'O BBIIOJIHsIETCsT Kpurepuii Ko, To ecTh / glxy)de < e,

t1
TOIJA IOJIy9aeM, ITO

to

to to w
‘/f(x,y)dz‘ < /g(x,y)dx <e = ‘/f(x,y)da:‘ < e = [uo kpureputo Kol /f(z,y)dx PABHOMEPHO CXOJIUTCS
t1

t1 t1 a

st mokasaTescTBa HEPABEHCTBA, 3aMETHM, UTO JJIsl JIF0OO0H TOYKH ¢ OHO BBIOJIHEHO (110 CBOHCTBY MHTErPAJIA), 32T€M YCTPEM-
JseM t K w U B IIpejiesie ToJlydaeM HyKHOe HaM HEePaBEeHCBTO C W, a MMEHHO

w w

’/f(rc,y)dx’ < /g(fmy)dd7

a a

4.4. Bropas uHTerpajbHas TeopeMa O CpeJHeM JJisi COOCTBEHHOrO MHTerpaJa(JacTHBIf cirydaii).
Teopema.

Yacruptii ciayvaii: Ecin dyukuuu f(z), g(x) uarerpupyemsr Ha orpeske [a,b] u dynkuus g(z) = 0, g(x) | (aeBospacraer), To

b

2eclatl [ f@g@)iz=gla)- [ fe)ds

a

11



ﬂo%asammbcmeo.

l.a=xg<z1..<25, =0

Jromase=E [romene=E [ ol s s
R RER TS
% / () (o)~ gtai-0) o+ 3 o) / f(a)de =

e f(x) mHTErpUpyeMa Ha OTpe3Ke, 3HAYUT OHA OrPaHUYEeHa, TO ecThb |f(x)| < const
* [g(x) — g(zr—1)| S w (konebanue dbynxnun g) Ha [Tk—1, T)]
n
e g(x) marerpupyema mo ycjoBuio, Torga mno Kpurepuio lapOy (g unrerpupyema —> Zwi - w(D;) < €) cymma

i=1
IPOU3BEIeHUsT KoJleDaHuil Ha OTpe3Ke Ha JJINHHY OTpEe3Ka CKOJIb YIojHO Maja (< €)

Torma m3 BbIE CKA3aHHOTO CJIEMIYET, ITO

’zn: 7 (f(x) (9(55) - Q(Ik—l)))dﬁﬁ’ <e
k=1,

CrenoBaresbHO,

(x) = ilino;g(xk_l) / f(x)dx, A — nuamerp pasbuenus

Tr—1

2. PaccmoTpuM 3Ty cmey

Beenem F(t /f )dx, F(a [ycts M = m[a)%} F(zx), m= m[inb} F(x)
x€|a, xE|a,

Bripaxas / f(x)dx, kak pasHocTb 3anvenuil F', Mbl MOXKEM 3alHCATH, 9TO

Tk—1

S glan-1) / s =3 gtener) - (Flo) = Flonor)) =
k=1

=1

[pacmuimeM GOPMYILy CyMMHPOBAHUS II0 TaCTSIM]
= Z <g($k)F($k) - g(ffk—l)F(xkq)) - Z ((g(a:k) - g(ffkq))F(xk)) = (%)
k=1
3ameTuM, UTO mepBasi cyMMa paBHa F(x,,) - g(xn) — F(zo) - g(xo) = F(b) - 9(b) — F(a)-g(a) = F(b) - g(b)

CienoBare/ibHO,

3

Onenum, HalLy CyMMy Zg(mk,l) / f(z)dz
k=1

12



Tak Kak B MOJyYeHHOM HEPABEHCTBE HUTJIE He dburypupyer pasbuenme oprpeska [a,b], To, ycrpemusas A k 0, Mbl

[IOJIyYUM B IIp€Jiesie, UTO
m- g(a) < / F(@)g(x)dz < M - g(a)

b

3. PaccmoTpum mopobHee Moty deHHOe JBOHHOE HepaBeHCTBO M- g(a) < / f(z)g(x)dx < M-g(a), BO3HUKAeT JBa caydast:

a

b c
@ 9@ =0 = [ f@))ds=0=gla)- [ fa)do
a a ,
(b) g(a) >0 = mnozmenum obe dacTu HepaBeHCTBA Ha ¢(a), MOXYydIUM M < 1 /f(x)g(x)dw < M, rak kak F(x)

b
HenpepbiBHAst QYHKIMsL, IPUHUMAIOIIAs 3Hadenus ot m no M, ro Je: F(c) = / f(z)g(z)dz, a a10 U ecTb

TO, YTO HaM Ha/IO JI0OKa3aTh

Teopema.

Ecmu dyskunu f(z), g(x) narerpupyemsr Ha otpeske [a,b] n dyuKIms g(x) MOHOTOHHASI, TO

b

c b
3 € [ab]: / f(@)g(@)dz = g(a) - / f(@)dz + g(b) - / f(@)de

a

Jokasameavemeo. CresieM Hallle JIOKO3aTEIbCTBO K JIOKO3aTEIBCTBY TIPEJBIIYINEH TeopeMbl(dacTHOro ciaydast). Tak kax g(z)

MOHOTOHHAsI, TO BOZHUKAET JIBA CJIyYast:
1. g(z) 1, rorma Gepem G(x) = g(b) — g(x)
2. g(x) |, Torma Gepem G(z) = g(z) — g(b)

3ameruM, 4To B 06oux yciaoBuax Gyuknua G() ymoBJIeTBOPsET YCJOBUAM IIPEIbIIYIIEil TeOPEeMBI. |
4.5. TIlpusunaku dupuxie u Abejiss paBHOMEPHOII CXOAMMOCTU HECOOCTBEHHOIO MHTErpaJia.

w
PaCCMOTpI/IM/f(x,y)g(x,y)dac

a

Teopema. I[lpusnak Hupuxie.

b w
yeH
Ecom IM: Vb € [aw), Vy € H ‘/f(x,y)dm‘ < M u Vy g(x,y) monoronna mo = u g(x,y) = 0, To /f(x,y)g(:my)dm
r—w

CXOJIUTCST PABHOMEPHO
ta
Hoxasameavcmeo. PacemorpuM /f(z,y)g(x,y)dx

ty

to t to
ITo BTOpPOIT Teopeme o cpepnem It € [ty,to]: /f(m,y)g(m,y)dx =g(t1,y)- | flzy)de +g(te,y)- /f(a:,y)dx
; —— —
1 1

yEH t yEH t

=0 —\_— =0 N—
T—rw [[|1<M (mo yea.) T [-|<M (mo ycu.)

3HaduT 9Ta JIMHEeHAS KOMOWHAIAS MOXKET OBITh CJejiaHa CKOJIb YIOJHO MAaJjoil, a 3HAUUT 1m0 Kpurepuio KoM HCXOMHbIH

UHTerpaJjl CXOAUTCA PABHOMEPHO ]
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TeopeMa. [Tpusnak AGest.

Iycrn /f x,y)dx cxoauTesi paBHOMepHO, Yy g(x,y) MoHoToHHA 10 z 1 AM = |g(x,y)| < M, Torma / f(z,y)g(x,y)dx cxomurest

PABHOMEPHO
ta
Joxazamenvemso. Pacemorpum | f(z,y)g(z,y)dx

t1

ITo BroOpoii Teopeme o cpegreM It € [t1,ta]: /f(m,y)g(x,y)dx = g(t1,y) /f x,y)dx + g (t2,9) /f x,y)d.
—
1< (o yen) <A T yen)

W3 paBHOMEPHOII CXOIUMOCTH / f(z,y)dx caenyer, uro no kpurepuio Koru / f(zy)dz u / f(z,y)dx MmoxxHO cenaThb CKOJIb

t1
yroaro MaJibiMu, BHE 3aBUCUMOCTHU OT Y, & SHAYUT U BCIO CYMMY MOXKHO C/IeJIaTh CKOJIb yFOﬂHO Ma.}'IOI/I7 a 3HAYUT 110 KPUTEPUIO

Komu, ucxoquplii unrerpas cxoqurces (1Ba pasa MoAps]l IPUMEHUIM Kpurepuii Komm). |

5. CBoiicTBa paBHOMEPHO CXOJSIIEerocss HeCOOCTBEHHOro nHTerpaJja. TeopeMa o mmpeiejibHOM
nepexoje 1o 3HaKOM HeCOOCTBEHHOTO mHTerpasia. M OHOTOHHBIN MpeaebHbIN IIepexo/] 1
Teopema JIluHu m paBHOMepHOIi cxoguMocTu ceMmeilictBa dyHKruii. CiiesicTBue n3 Teope-
MbI /IlHI 0 MOHOTOHHOM IIpEAeJIbHOM Iepexo/e 1Mo/ 3HAKOM HeCcOOCTBEHHOTO MHTerpaJia.

Teopema o HePEePBHIBHOCTU HECOOCTBEHHOT'O MHTErpaJia Mo IrapamMeTrpy.
5.1. TeopeMa O nIpeaeJIbHOM Iiepexo/e 110 3HaKOM HEeCcOOCTBEHHOr' O nHTrerpaJia.

Ipumep.

—+o0

/fzndac—> o(z) dx
0

IMokaxem, 1o f(x,n) = p(x) HeZOCTATOUHO:

o 672%2, x> 0;
flx,n) = 0 0 Vn € N nenpepsisaa Ha [0; +00)
, z=0.

IIpoBepsieM paBHOMEPHYIO cxoiuMocTs f(x,n) = ¢(x) = 0:

3
3\/7 e 3?50 = CXOJIUMOCTH PaBHOMEPHAas
n

n— oo

n __ n_
sup |f(z,m) — p(a)| = sup 2 ¢ 2
>0 >0 T

T
r:\/g
IIpoBepsieM 3Ha4UeHMEe UHTErPAJIA:

—+o0

/ p(r)de =0

0

0

400 +o0
/f(n,x)dxz/%eiﬁ? d:v:/ezdz:ez oo:1
0 0 —o0
z = 72—2:2, dz = %dz
+0o0 +00
nh_}n;@ f(z,n)dx # /Jgr;of(x,n) dx
0 0

Tpebyercst paBHOMEpHAasT CXOANMOCTH HECOOCTBEHHOTO WHTETpaJIa.
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Teopema. O npezeaLHOM Hepexojie o, 3HAKOM HeCOOGCTBEHHOIO HHTerpada.
Pacemorpum f(x,y), onpenenennyo Ha [a;w) X H (w — ocobasi TOUKa).
IIycts

Yy € H f(x,y) HecobcTBeHHO MHTErpUpyeMa Ha [a;w),
nIpugeM / f(z,y) dx cxopures paBaOoMepHO 110 Yy € H,

z€a;t]
Vt € [a;w) flz,y) = w(2), yo € H.
Y—Yo
Torna ¢ HeCOOCTBEHHO MHTErpUpPYeMa Ha [a; w), IpuIeM

w w

lim [ f(z,y)dz = /gp(m) dx
Y—=Yo
a a
Hoxazameavcmeo. 1. Tlokazkem, 4ro / o(z) dz cxomurest:
a

a<t <ty <w

w

ITo kpureputo Komu 1j15 paBHOMEPHO CXOISINEr0oCs HECOOCTBEHHOTO MHTEIPAJIA / f(z,y)dx

a

/f(x,y)d:c <e Vit eU(w), Vye H

to to ta

) z€la;t]
vows g [ = [ (i @)= [ewa @xien = o)
ty

Yo Y—Yo

to
= /ga(x)dx <e Vi, ty € U(w)
ty

= ( HeCOOCTBEHHO MHTETPUPYEMA

w

2. ITokaxkem, 4TO /fxydx—/go de| —— 0:

Y—Yo

w w w t
/ fa,y) do - / (o) de| < / Fay) de — / f(y) da| +
<3 VZEEUW

t w

t
+ /f(a:,y) dx—/ x)dz| + / da:—/ (x)dz| <e Ve >0, uron rpeboBaIOCh

Ilpu dukc. t € U( ) <§ vt e U(w)
ly — ol <9

A
wlm

5.2. MoHOTOHHBI ITpeaesIbHBIN Mepexoa u TeopemMa JIuHU 1 paBHOMEPHOM CXOJAUMOCTHU ceMeiicTBa pyHKIIHIA.

Teopema. Teopema uru
IIycTs
f(z,y) > 0 u meupepoiBaa 110 x € [a;w) Vy € H,

15



Vo € [a;w) f(o,y) Tmoym f(z,y) 7 »(x),

Y—Yo
©(x) Henp. Ha [a;w).
z€a;t]
Torma f(z,y) = ¢(z) Vte (a;w)
Y—Yo

Jloxaszamenvcmeo. B cuay MOHOTOHHOCTH TIO Y:
(p(z) = flz, ) L moy, o(x)— flz,y) 20

Yy <y2 e(x) — flz,yn) > (x) — fz,y2) =
= sup lo(x) — flz,y1)| > sup lp(z) = f(z,92)| =
= P(y) = sup lp(z) — f(x,y)| — yopiBAeT n >0

Hoxkaxem, uro ¥(y) —— 0. Or nporusnoro: mycrs ¥ (y) > & > 0.
Y—Yo
Torma V duxcuposarnoro “y” Hx, }: o(x,) — f(xn,y) > /2

{zn} C [a;t] = wu3 Hee MOKHO BBIIEIUTH CXOIAILYIOCH IIOAIOCIENOBATEIBHOCTE { Ty, } TAKYIO, UTO Ty, o€ [a; t].
oo

So(xnk) - f(xnk’ y) 2 5/2
k—oo: ¢(c)— flc,y) >€/2 Vy e U(yo) - Mamast OKpeCTHOCTb TOUKH Yo

IIycrs c(y) := Takas touka, uro p(c(y)) — f(c(y),y) = /2. Pacemorpum {y,} — yo u coorsercrByouLyo {c,} := {c(yn)}
Tockonbky {cp} C [a;t] = u3 HEé MOXKHO BBIIEJIUTH CXOJSIILYIOCS TIOJIIOCIIEI0BATENBLHOCTD {Cp, } m z. Torna B TOUKe
z He OyJIeT MOTOYEUHOM CXOAUMOCTH HOTOMY YTO ¥y, K Yo CTPEMUTCs, & pasHuna K 0 — Het, moromy 910 ¢(cp, ) — f(Cny, Yn,) =
€/2 VYyn, - [ ]

5.3. CJ'Ie,I[CTBI/Ie n3 TeopeMbl ,Z[I/IHI/I O MOHOTOHHOM IIpee/JIbHOM IIepexo/e I1o4 3HaKOM HecoOCTBEHHOT'O MH-

TerpaJia.
Caenctsue. Ilycrs:

® BBLINOJHAIOTCS YCJIOBUS TeopeMbl JIuHu:
f(z,y) > 0 u neupepsiBaa 10 x € [a;w) Yy € H,
Vo € [a;w) f(a,y) tuoyu f(z,y) 7 o),

Y—Yo
©(x) uenp. Ha [a;w),

w

° /gp(x) dxr — cxomuTes.

a
w

Torma lim /f(x,y) dx:/go(:v) dx
Y—Yo

a

z€a;t]
Jokasameavcmeo. Ilo teopeme Huun: f(r,y) = () vt € (a;w)

Y—Yo
0< flz,y) < o)

w

w
T.x. / o(z) dx cxomurest, TO / f(z,y) dx cxomurcsa pasaomepHo (110 npu3Haky Beiiepiurpacca), a MOCKOJIbKY BBIIOJIHEHbI BCE

a a
w

Y—Yo

w
YCJIOBUSI TEOPEMBI O IPEJIEIbHOM TIepexo/ie MoJl 3HaKoM HecoberBeHHoro uaTerpasa (5.1), ro lim | f(z,y)dz = / o(x) de.
a a
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IIpumep.

—+oo

/ e~ dg =7

0

2 n
(1+x> N 612 Ve >0

n n—00

T.x. GYHKIUU HEIPEPBIBHBI, CXOAUMOCTL paBHOMepHas (110 Teopeme Jumm)
2

—n
T .2
= paBHOMepHO cxomurest f(x,n) = |1+ — = e " =p(x)
n n—o00
Ho nocnenosarensuocts f(x,n) yoblBaeT — PACCMOTPUM PA3HOCTH

g(z,n) = f(z,1) — f(z,n) = (1 +2?) _<1—|—n) >0 T mon

+oo
glz,n) = P(x) = (1+2%)"! - e >0 / Y(x)dr cxomures
0

ITo caemcrButo u3 Teopembr Jlumm:

—+oo

+o0
/g(m,n)dw—> O/w(x)da:

0

b 1 1 i 1
/ - — | dz — / — e )da
1+2? (142 14 2

0

0
+oo 400

/efmzdm: lim /dixw
/ 2 W)

0

HNurerpupyem mpaBblil IO YaCTAM, TOCTENIEHHO MOHWKAsl CTENEHD N — MOIBUTCS PEKYPPEHTa U MPUJIEM K

+oo d "
x 2n — 3)!!
/ = ( ) Vn-Z
(1+22) (2n —2)N 2
0 n
n4k? U "
®opmyna Bammuca: H 21 — 5" IloxcraBnsiem dopmyny Bastuca B paBeHCTBO BbIIIe, a Jlajbliie ‘e MUHYT Ha

k=1
JBaJIATL . XOPOIIO, ITO 9TO IIPUMEpP, a He OUJIeT.

5.4. Teopema o0 HelpPEPBIBHOCTA HECODCTBEHHOrO MHTErpaja Io mapaMerpy.

f(xy) [a;w) x [c;d]
Iycrs  f(z,y) HENpepHIBHa Ha [a;w) % [e;d]
F(y) = / f(z,y) dz cxomures paBHOMEpHO Ha [c; d]
Torma F(y) HegpeprBHa Ha [c; d]

,ﬂomwame/wcmeo.

t
g(t,y) = / f(z,y) de — HenpepwiBHa 10 Y € [¢;d] Vi € (a;w)

w y€leid]
/ f(z,y) dx — cxomurca pasaomeprno < ¢(t,y) = F(y)
a

t—w
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PaBHOMEpPHO cxOJsiIIeecs: ceMelicTBO HeIPePLIBHBIX (QYHKIUIT cxouuTcs K HenpepbiBHOi dyukimu (3.2. Teopema o Henpepbis-

HOCTH IIO HapaMepr). ,Haﬂee IIPOCTO KpaTKOE€ HallOMUHaHUE, II0OYEMY 9TO TakK:

|F(y) — F(yo)| < |[F(y) —g(t,9)l +  lg(t,y) —g(t,wo)|  +|g(t,90) — F(yo)| <& Ve >0
—_————

e VteU(w € TIlpu duxc. t € U(w e VteU(w
<3 Vy6h'(> <3 |y—y0|<(5() <3 vye )

6. CBoiicTBa paBHOMEPHO CXOAMIIErocss HeCOOCTBEHHOTO MHTerpaJsia. Teopema o auddepeH-
HUPOBAHUU MO MapaMeTpy II0J] 3HAKOM HecoOCTBEHHOro mHrerpasia. Teopema o coOCTBEH-
HOM MHTErPUPOBAHUMU II0 IIApaMeTpPy I10Ji 3HAKOM HecOOCTBEeHHOTo mHTerpajia. Teopema o

HeCcOOCTBEHHOM MHTEerpupoBaHuUU IIO IIapaMeTpy IIoJd 3HaKOM HeCcOOCTBEHHOI'O nHTEerpaJia.

6.1. Teopema o quddepeHIIPOBAHNY II0 TApaAMETPy IIOJ 3HAKOM HeCOOCTBEHHOIO MHTErpaJia.

F@=/7wwm yeleid

Hycrs: f(x,y), f,(x,y) — menpepsBub Ha [a;w) X [c; d]

O(y) = fy(x,y) dx — cxomures pasHOMEpHO Ha [c; d]
a

w
/ f(z,y) dz cxomurcs xors 661 B 1 Touke Yo € [c¢; d]
Torna: ¢

w
/ f(z,y) dx cxopures pasHOMepHO Ha [c; d],
a

npudem F(y) mubdepennupyema na [c;d] u F'(y) = ®(y)

,ﬂO’ECLSd’ITLe./LbCTTLBO.

g(t7y>:/ f(x,y)dm

TTo Teopeme o muddepennupoBany cOGCTBEHHOrO UHTErpaJsa no napamerpy, ¢(t,y) muddepennupyema 1o y Ha [¢; d] u

y€lc;d]

%ww:/ﬁmwm::¢@

t—w

TTo yemosuto g(t,y0) — F(yo)
t—w

Paccmorpum cemeiictso g(t, y). ITo Teopeme o muddbepennuposanuu cemeiicta GbyHKIMIA 10 HapaMerpy:

y€leid] ,
glty) = Fly), Fy) =)
—w
]
+oo
sinx
IIpumep. Boraucaum nnaterpas Jlupuxire: / dx

0

sinx  _
Paccmorpum Beiomoraresibublil uarerpai: F(y) = / e Wdx, y>0

sinx

flx,y) =

e Y, fz,/(z7 y) = —sinx - e~ *¥ — menpepsiBaa Ha [0; +00) X [¢; d],
x

e [c;d] C (0; +00)
+oo
O(y) = — / sinz - e~ Y dx — BCcoMmorare/bHBIH HHTErpaJl

0
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400
|Sinx . efzy| <e ™ xy > cx, / e~ ““dr — cxommrcsa
0

+oo

= / sinx - e~ *Y dr — paBHOMEPHO CXOJUTCs TI0 Mpu3HaKy Belepiirpacca
0

+o0
sine
IIpm yo > 0 e dzx cxomurcst o npusnaky AGess
x
0
+oo
sinx —ay
(Tk. — cxomuresd, a e Y — MOHOTOHHAs U OrPaHUYEHHA)
x
0
= 110 TeOpeMe MOYKHO BHECTH —— II0f] 3HAK MHTerpaJa:
—+o00
F'(y) / sinz e "Ydx =%
0

/sinx e dx = —/e_xy d(cosz) = —e " cosx — y/cos:v e Wy =

=—e cosz —y / e"Wd(sinz) = —e~ " cosx — ye Wsinx — y? /sinx ce " dx

. _ e " (cosx +ysinx
= /smxoe Wdr = — ( L )

112 +C (y>0)
* = 0+ !
- 1+y2

1

—arctgy + C

+oo

. . sinx
Beraucsimm  lim Fy) = lim .
y——+o0 y—+o0 X

e "dzx
0
“+o0o

sinx —x
f L e dx — cxoquTCa PaBHOMEPHO,
0

sin x

lim, 4o ce” =0 mupnm zx € [a;b] C (0;+00),
. z€[a;b]
npudeMm S2E e =0

y—+oo

= MOXKHO BHecTH lim

I10J] 3HAK HMHTErpaJia
y—r+00

+o0
7T
1. F = = = —
(y) /de 0=C 5
0
Urak: F(y) =

7r .
—arctgy + 3 Ocrasnocs Baectu lim  nox uaTerpasn F(y) u nonygyurs uarerpai Jupuxie
y—+oo

—+oo

I S e” ™ dx — cXoauTCes PaBHOMEPHO 10 npu3Haky Abes,
0

limg,_, 4o 908 e~ 7Y = siDZ z € [a;b] C (0;+00)
sinz ,—zy _ sinz | sin @] . _ oY 1, _ by
sinz _— sin x
= S Ee T g L
+oo
. sin x
= lim F(y) = / dx
y—+0 T
0
+oo
ST~ (~arctgy+2) =7
r = lim (—arc - ) ==
= oo 8YT5) T
0
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6.2. Teopema o cOOCTBEHHOM WHTErpUPOBAHUU II0 MapaMeTpPy IO 3HAKOM HeCOOCTBEHHOIO MHTErpaJa.

/dF(y)dyjdy]f(x,y)dz

[Iycts

f(z,y) nenpepbiBHA Ha [a,w) X [c,d]
F(y) = /f(:c, y) dx — cXOoauTCsT pABHOMEDHO Ha [¢, d)

Torma F — memnpepbiBHa Ha [, d] (Cie10BATENLHO, HHTEIPUPYEMA) U

/ddy/wf(x,y)dff=/wdff/df(ffay)dy

Loxazameavcmeo. Ilycts a < t < w. las cOOCTBEHHOTO MHTErPAJIA

olty) = / £ y) de

d
BO3MOKHOCTDH BHECEHUST / dy ciemyer U3 HENPEPBIBHOCTH f:
(&

C

/dg(tyy)dy=/ddy/f(wyy)dx=/tdw/df(w7y)dy
g a @ e

Henp. d-1ust

1
d

1
[Fwa - ] dx /d F(,y) dy

c

t—w

d t d t d
tiw [y | [ sewyde| = [ |1 [ sewde ) ay= [ Fo)ay

C

Vmeem npaBo Ha TAKOW MpeJEe/bHBIN nepexo, noroMy uro ¢(t,y) HenpepbIBHA.

6.3. Teopema o HeCOOCTBEHHOM HMHTErPUPOBAHHUU MO IIapaMeTpy MO/l 3HAKOM HEeCOOCTBEHHOTO MHTerpaJsia.

jF(y)dy=jdy/f(w,y)dx

IIycTs

f(z,y) HenpepbiBHA Ha [a,w) X [¢,®)
w

F(y) = /f(x, y) dx — cxXoauTCsl pAaBHOMEPHO Ha [¢, 7], rie ¢ < T < @,

a

@
b(z) = -/f(ac7 y) dy — cxopuTest PAaBHOMEPHO Ha [a,t], e a < t < w,

c
x0oTs ObI 1 U3 MHTErpaJIoB:

/Qdy/wlf(%y)dw, /wdx/&f(x,y)ldy
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CXOJIUTCS.

Tor/:La/wdy/wf(a:,y)dx:7dm7f(m,y)dy

3amMernm, 9TO yCJIoBUs ChOPMYINPOBAHBI CHMMETPIUYIHO OTHOCUTEIHLHO T U ¥, KAK U YTBEpKieHne camoii TeopeMbl. [loaTomy
KOTJIa MBI TOBOPUM ‘‘CyIIECTBYeT XOTs ObI OJUH W3 MHTErPAJIOB’, TO MBI MOXKEM JOTOBOPUTHCH KAKOW MMEHHO, IIOTOMY UTO
€CJIM 9TO MBI MOYKEM IIPOCTO Hepeobo3HaunTh = u Y. [loaToMy OymeM cauTaTh YTO CXOJUTCS UMEHHO ITPABBIA WHTETPaJl, IjIe

BHYTDPH dy a cHapyxu dz.

Jloxasamenvecmso.

VT € (¢ @) /Tdy/wf(x,y)dx:/wdx/Tf(x,y)dy 1o 6.2

PaccmoTpum nipesiennbHbIN iepexon T — w:

T
a

Jim dx/f(x,y)dy (1)

7 z€la;t] ‘:)
o(7,7) = / f() dy 63 D(r) = / f() dy

— IIO yCJIOBUIO

w @

o (7, )] S/alf(w,y)Idy’ /wlw(w)dxé/dw/lf(w,y)ldy

— CXOOATC 110 YCJIOBHIO
w

= TI0 IpHU3HaKy Beiiepmrpacca / o(7, x) dr cxoouTCs PABHOMEPHO

a

w z€la;t]
C o1HO# CTOPOHBI / (7, ) dx cxomuTCss PABHOMEDHO, & ¢ IPYTOit CTOPOHBL (T, ) = f(z,y) dy no ycnosuro. 13 srux
a

T—w
c

JABYX IIYHKTOB BbITCKa€T, 9TO 3HaK IIpeJeJsia I10 HepeMeHHOfI T MbI MO2KE€M BHECTHU BHECTU BHYTPb MHTEr'DaJIa II0 Hepel\’IeHHOﬁ

2 B Boipazkenun (1). Tax Mbl mosyduM HeCOOCTBEHHBIH MHTErpas O T OT HECOOCTBEHHOIO MHTErPaJIa 1o Y. Tak Mbl ¢ BaMu

w T ~ T w
w w
MMOKA3aJIH, 9TO TIpaBast / dz / flz,y)dy — / dx / fdy, a / dy / f(z,y)dx Gymer crpeMuTCs K COOTBETCTBYIOIIEMY
a (&
a c (& a

HECOOCTBEHHOMY HMHTEI'DAJIy IPOCTO IO OIPEIEJIEHUI0 HECOOCTBEHHOIO MHTErPaJia, & IIOCKOJIbKY PABEHCTBO MEXKIY STHMU

YaCTsAMH BCErJa COXPaHSeTCsd, 3HAYUT PABEHCTBO OYIET BEPHO U B IIPEJIEJIE. ]

7. Diineposbl B- u [- dbysknmuun. Onpenesienne B-dyHkium, ee ob0jacTh onpejiejieHUs u
CBOIICTBA: CUMMETPUYHOCTb, POPMYJIa MMOHMXKEHUS, CJIYyYANHO HATYpPAJIbHO-3HAYHBIX ap-
rymenToB. Popmyna Diutepa — laycca. Popmysna monosHenus (C MCIOJIb30BAHUEM pas3-
JIOYKeHUus1 sin B GeCKOHeYHOoe mpou3BejeHne 6e3 jgokazarenbcrBa). CBsa3b Mexay B- u I-

dbyHKIIIIMMA.

7.1. Bera-dbyHKiusa diigepa

1
Blp.q) = / PN - 2)i

0
YTo0b! MOHATH, YTO 3TO 3a WHTErpaJj, HaM HYKHO BHUMATE/IHLHO MPUCMOTPETLCS K Haleit (pyHKIUU, 3aBUCAIICH OT IBYX
Hapl\/IeTpOB p " q MLI HOHI/H\/I&QI\/I7 9To HOTeHHHaJIBHO 3@605 BO3MOXKHa HerI/IHTHOCTB B 0 " 1 n3-3a TOI“O7 gTO CTelleHb MO2KeT
OKaz3aThCd oTpunarejpbHoil. Ham HUKTO He 3ampemaeT paccMaTpuBaTh cTeneHd p < 1 mwim ¢ < 1, IO3TOMY CTENeHb T WU
(1 — ) MOXKeT OKa3aTbCsl OTPUIATEIBHONR. DTO O3HAYAET, UTO HAM HYXKHO IOCMOTPETb Kak cebsl BEJET HOIUHTErPAJIbHAS

bdyuknus upu x — 0 u npu x — 1.
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r—0:2P 7 (1 —2) =27 (1+0(1)) = wunr. cxomureas mpu p— 1> —1 = p>0
r—=1:2P (1 -2) =1 -2)7" (1+0(1)) = wunr. cxomures npu ¢ — 1> —1 = ¢ >0

U3 sToro ciemyer, 9To 06JacTh onpeieienns Bera dyHKIME — nepBas 9eTBEePTh Ha MJIOCKOCTH P (IOJOXKUTELHBIE D U )

t
OrmernMm emié onHy BaxKHy0 dopmyiry Bera-dbyuknuu, cieras 3aMeny © = T t € [0;+00)
“+o0 tp—l d
B(p,q) = ———dt
vo= | T
CaoiicTBa:

1. Cummerpuunocts © =1 —y, y € [0;1]
1 1

B(p.q) = / L—y)tytldy = / 2971 (1 - 2)P~ e = B(q,p)
0 0

2. ®opwmyna nouukenus p > 0, ¢ > 0

3/1eCh I03HEM MHTETPUPOBAHUE 10 YACTSIM: / udv = uv — / vdu

! 1 [t = zP = (1—=2)?
B(p+1,q):/ xp-(l—:v)q_ldx:—f/ 2P d((1—2)) = w== ) v=(1-2) ) _
0 q.Jo du =pxP ™ dx dv=—q(1 —x)9 "dx

1 1 [t
=——aP - (1-2) +- / (I-2)prPldz=[1-2)=(1-2)- 1-2) "' =1-2) ' —z-(1-2)"] =
q q Jo
0
1
2 [t (@ e ey de =2 Blpg) - ZB+ 1)
0
D D P
1+=)B(p+1,9) ==B(p,q) = B(p+1,9)=—— B(p,q
(q)()q() ()p+q()
Bocmonb30BaBmuck TeM, 9To GYHKIMsT CHMMETPUIHA MOXKHO JIETKO BBIBECTH aHAJIOrH4IHYyt0 dbopmyry st B(p, g+ 1)
Hror:
P
B(p+1,q9) = —— - B(p,q
( ) Pt q (p;q)
q
B(p,q+1)=——"-B(p,q
(o +1)= = Blp.a)

3. HOBeﬂeHI/Ie OIpu HaTypaJIbHBIX apryMeHTax

e g=necN
! 1
B(p,l):/ P Ve = -
1 1 1 (n—1)!
n— n— n—1)!
B(p,n)= ——— Blpn—1)=--- = . 1) =
(p,m) p+n—1 (pn=1) p+n—1 p+1 (p. 1) plp+1)...(p+n—-1)
ep=neNg=meN
—1)! —1)!
B(n,m):(n Di(m - 1)!
(n+m—1)!

7.2. Tamma-dyHkKnus Diijepa
—+o0
T(p) = / 2?71 e %dx
AHaJIOI‘I/I(‘){HO ¢ Bera-dynknueir MOXKHO BBIBECTH, 9TO 00J1aCTh onpefenenns [amva-pyrkimn — p > 0:
B 6eckonednocTn orcyrcrBue npobsem o4eBUIHO, Tposepum (.
r—0:2P e =277t (1 +0(1)) = wunt. cxomuress mpu p— 1> —1 = p >0

CaoiicTBa:

1. ®opmyna moHMKEHUS

3/1eCh I03HEM MHTErPUPOBAHUE 110 YACTSIM: / udv = uv — / vdu

+oo Yoo o L
F(p + 1) = / 2P e T dr = f/ ZP . d(e*“") _ U 311 v eﬁ _
0 0 du = pxp dr dv=—e *dx

—+oo

x

+oo
=—zP.e” + / e % paP tde =p-T'(p)
0

0
Uror: T'(p+ 1) =p-T'(p)
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2. Cuydait HaTypaJibHOrO aprymMenTa, p = n € N

(1) :/+<>0 e Fdr =1
0
I'm+1)=n-Tn)=n-(n—-1)I'n—-1)=---=n!

3. @opmyina Ditnepa-Iaycca

+oo 1
F(p) — / xpileimdl': T = —lntZIH;, te [0, 1]:| = /
0 0

Iycrb o(z) = t7,t € (0;1) — BbImMyKJIasi = [pH CTPEMJICHUU
z — +0 HaKJIOHHBI KO3(DPUIMEHT CeKyIIeil, IPOBEIEHHON Ue-
pe3 (0,(0)) u (z,(z)) Gyaer yObIBaTH B CHILY BBIITYKJIOCTH

dyHKIINN, a B TIpejesie JaCT HaM MPOU3BOIHYIO:
7 — tO

/
0) =Int
z—0 z—>|-0 v ( )
1
2= —:in-(tr —1) N\, Int, a ecau MBI HOMEHseM 3HAK,
n n—+4o0o

1 1 ..
ro mostyunrea n - (1 —tn) 2 In—. U cama dyukuus, u eé
notoo 1t ; ; ;  Z

npeeabHas pyHKIUS HEIIPEePBIBHBI, CXOAMMOCTH MOHOTOHHAS, _9 el 0 1 2 9

1o TeopeMe IwHN moJryTaeM paBHOMEPHYIO CXOIUMOCTD 1O ¢ Ha

Jobom orpeske [a, b] C (0;1) 1!

1
1 1
Iomyaaem I'(p) = / InP~* <) dt,In> = lim n-(1—tw)
0 t t T 00 e e’
fn(?)

fn(t) = 0 u nenpepoisub: npu ¢t € (0;1),Vn

n%oofn(t)\ln%

1 = MOKeM BHECTH IIpeJleJl 1I0J] 3HAK UHTerpaJa (Claelyer u3 TeopeMbl
In i HelpepbIBHA

! 1
/ In?~1 () dt cxomues
0 t

Hunn no nyHKTy 5.2)

! . ! 1
lim (n-(1—tw))P~tdt = / InP~! () dt
0 0 t

n—oo

1
= I['(p) = lim Pt (1 —tw)Pldt = [t = 2"] = lim n? / 2" (1 - 2Ptz = lim n? - B(n,p) =
0

n—oo 0 n—oo n—oo
B(n,p)
P.(n—1)!
= lim - (n )
Uror:
P.(n—1)!
I(p) = lim - (n—1) — dopmyia Ditnepa-Taycca

4. ®opmysa gonosnsenus, p € (0;1)

T'(p)-T'(1 — p) = [bopmyna Ditnepa-Taycca] = lim .
(p)- T( )=1 ] n—oo \p(p+1)...p+n—-1) 1-p)(2—-p)...(n—p)
= [mozesmin B 06enx JpobsiX YUCINTENb U 3HaMeHaTes b Ha (n — 1)!] =

. n 1 1 _
S ) CrDE D (A D) A-DA-D). (-

(M n? - (n—1)! PP (0 —1)! ):

o0
L
LN |
Pc(1-()7)
Janee HaM Ipua@Tcs BOCHOJIL30BATHCA (POPMYJIOH GECKOHEYHOr0 IPOU3BEICHIS Il CHHYCa,

© 2
sin(mp) = mp- [ (1= 55)
k=1
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= T'(p) - T'(1-p) = L — dopMya JOIOJIHEHUST
sin(7p)

2

1 1 1
Ecan mbt Bo3pMéM p = —, To mostyuum [' | = | = .ﬂ- — Iz =7
2 2 sin 5 2

D10 MaéT HAM eIé OJUH CIocob BhIUMCICHNs HHTerpata Jitaepa-Ilyaccona

]. +OO 1 +OO 2 +OO 2
T (> :/ r 2 dy = [x :t2] = 2~/ e Vdt = / e Vdt =
2 0 0 0

7.3. Csasp mexxay Bu I’

<[

—+o0 —+oo
L(p) = / trtetdt =t = x(y + 1),y > 0,y = const] = (1 + y)p/ aP~tem (1Y) gy

0 0
I'(p+q) 'yp_l _ -1, /+oo ppra—1 . g—z(14y) g
0

(1 er)erq
+o0 +o0 +o00
F(p+q) -Bp,q) =T(p+q)- /o {a j/_ » p+q / dy/ —b.gptaml o=+ gy — [morom obocmyem| =
= o dx o yP b gptasl . gme(ty) gy — / de-zi=1t.e7® / (zy)P~ e ™. 2-dy =T(p)- /+00 de-zi™ 1. e =
I(p) - I(g) To)-T(a) ' " ’
p)-1q
= B(p,q) = Th+q

"Tlorom obocuyem": Ham HaO OOOCHOBATH BHECEHHE OJHOIO HECOOCTBEHHOTO WHTErpaJia BHYTPBH JIPYyroro HeCOOCTBEHHOTO
HHTErpaJa

f(z,y) = aPra=t yp=L . e=(40)T > () y genpeprisaa Ha (0; +00) X (0; +00)

+o00o +o0o
/ dx / f(z,y)dy — cxomuTest B cuity TOro UTO paBeH mpousBeeHnto Lamma byHKIM 1 TaM BCE XOPOIIO
0 400 “+ o0
Oba unTerpasa / f(z,y)dz u / f(z,y)dy cxomarcs paBHOMEPHO Ha JIOGOM BJIOXKEHHOM [a; b], mOTOMY 9TO JIIOOYIO 13
0 0

+oo
cTeneHeit nkca u uUrpexka Mbl MO2KeM MazKOPHUPOBATh 4Yepe3 IKCIIOHEHTY —> / dy MO2KHO BHECTU BHYTPDH / dx (HO
0

6.3. Teopema 0 HECODBCTBEHHOM MHTETPUPOBAHUM 110 IIAPDAMETDY O 3HAKOM HECOOCTBEHHOIO MHTErPAJIa.).

8. AocrtrpakTHble psjbl Pypbe. IIpocTpaHcTBO KBaapaTUYHO-MHTErpupyeMbiX (pyHKImii Ko
(oupenenenne). CkajisipHOe MPOU3BEJEeHNE U HOPMAa B 9TOM IIPOCTPAHCTBE (OmpegesieHne).
OpTroronajibHasi ¥ OPTOHOPMUPOBaHHasl cucTemMa 3jeMeHTOB (ompeaenenue). Crangapr-
Hasli TPUTOHOMETPHUYECKAs CUCTEMA HA |—T; 7|, €e OPTOrOHAJIBHOCTh U HOPMBI 3JIEMEHTOB.
Psx B npocTpaHCcTBe KBaJpaTUYHO-UHTErpUPyeMbIX (DYHKIUNA U €ro CXoAuMoCTh (ompe-

ﬂeJ’IGHI/Ie). HereprBHOCTB CKaJIAAPpHOI'O IMpomn3BeJeHusd. PasencrBo HapCQBaJ'Iﬂ.
8.1. IIpocTpaHCTBO KBaJpaTUYHO-MHTErpupyeMbix (pyHkuumii Ro (onpenesnenue).
Ilycte D C R™ — orpanndyeHHOE 3aMKHYTOE YKOPAAHOBO MHOKECTEO.
Onpenenenue. [IpocTpaHcTBO KBaIpaTUYHO UHTETPUPYEMBIX (DYHKIUH

R FiD f I/IHTerI/IpyeMa Ha D B cOOCTBEHHOM W HECOOCTBEHHOM CMBIC]IE

9 = : — R
|f(x)|? uarerpupyema na D B COGCTBEHHOM U/ HECOOCTBEHHOM CMbIC/IE

31ech MOHAIOOUTCS paccMATPUBATH HE TOJIBKO YHCIIOBBlE (DYHKIMH, HO W KOMILIEKCHBIE (DYHKIMHU (OT JeHCTBATEIBHBIX

nepeMeHHbIx ). st aroro Gymer ucnoab3osarbest cumbos Ro(D,C) ={f: D - C|...}.

Jis komiiekcHO3HAUHON yHKIMU MBI MOXKeM paciucarh eé kak f(x) = u(x) + iv(z). UarerpupyeMocTb HOHMMAETCS Kak

UHTErPUPYEMOCTH OJHOBPEMEHHO NEeNCTBUTENbHON YacTu u MHUMONA. Kpome Toro,

/Df(x)dz:/Du(z)deri/Dv(z)dx
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8.2. CkauisipHOe Npou3BeJleHNEe U HOPMa B 3TOM MPOCTPAHCTBE (OIpejieieHne).
PackpoeM KBaJ[paT MO/l KBaJIPATHIHO WHTErPUPyeMoil (DyHKIH:
[f(@)? = f(2) - f2)" = (u(z) + iv(2)) (u(z) - iv(2)) = u(@)® + v(z)®
Biiarosiapst ”HTErpUpyeMOCTH KBa[PaTa MOJLYJIsl MOXKHO BBECTH CKAJISIPHOE TIPOU3BEICHNE:
Vf,g9 € R2(D,C) /D f(x)g(x)*dz cxomures, Tak xax |f - g°| < % (1f1* + |9/?)
Onpenenenune. CKajisspHOe IPOU3BE/IEHUE [IBYyX KBAIPATUIHO MHTEIPUPYEMBIX (DYHKITUI BBEIEM CJIEIYIOMNUM 00pa30M:
(f.g) = / f(@)g(x)*dr ymoBierBOpseT aKCHOMAM CKAJISPHOTO IIPOU3BEICHUSI
D
Onpenesieane. HopMa B mpocTpaHCTEE KBaIpaTHIHO MHTErPUPYeMbIX (DYHKIMiIl BBOJAUTCS TaK:
1> = (f, f) = /D|f(x)\2dx YZIOBJIETBOPSIET aKCHOMAM HOPMBI, ecjii ToHUMaTh f = 0 B cMbIcie f = 0
JIJ1sT HOPMBI BBITIOJTHSIIOTCST BCE AKCHOMBI HODMBI, KDOME TOTO, UTO €CJIM HOPMa PaBHa HYJIIO, 3TO HEOOA3aTEbHO 3HATHUT, TTO

dyHuKIms oroueuno pasHa Hymo. Ho oHa GymeT paBHa HyJIIO MOYTH BCIOLY (Be3Jie KPOMe MHOYKECTBA YKOPIAHOBOW MephI
Hysb) B 2KOpPIAHOBOM CMBICJIe (4TO MBI U OTpaxkaeM 3HaukoM [ = 0).
R

8.3. OproroHajibHasi ¥ OPTOHOPMUPOBAHHASI CUCTEMA 3JIEMEHTOB (OIIpeiesIeHue).

Omnpegnenenne. Cucrema fi, ..., f, Ha3bBaeTC: OPTOrOHANBHOIM, ecnu (f;, f;) = 0 mpu ¢ # j.

Omnpenenenne. OproroHajibHasi CHCTEMa HA3BIBAETCSI OPTOHOPMUPOBAHHOM, €CJIM BBITIOJHEHO YCJIOBUE

0, i#J
1, 1=y
JIrobast opToroHasibHasi cucrema 0e3 HyJIEBBIX 3JIEMEHTOB MOXKET ObITh Ipeobpa30BaHa B OPTOHOPMUPOBAHHYIO:
fl fn
AL T

SaMeTI/IM7 YTO OPTOrOHaJIbHasA CUCTEMa JIMHEITHO He3aBUCUMa (BHaeM u3 Kypca JINHENHOM aJII‘€6pI:I>.

8.4. CranzapTHas TPUTOHOMETPHUYECKAsI CUCTEMA HA [—T; 7|, €e OPTOrOHAJIBHOCTh ¥ HOPMBI 3JIEMEHTOB.

ITpumep. Paccmorpum ciemyrorniue OyHKITN:
cosnx, n€Ny={0,1,2, ...}
sinnz, néeN
3amMerum, 9To:
0, n#k
™
/ cosnx - cos kxdr = { T, n=k#0
—Tr
2 =2m, n=k=

Nz neN
=27, n=0

Teneps pazdbepémcs ¢ CHHYCOM:

. 0, n#k
/ sinnz - sin kxdx =
— m, n=keN

CrenoBatesbHo, ||cosnz|| =

Kpowme Toro,

/ cosnz - sinkxdx =0

—T

Tosyaaem, 9TO CIIeIyOIAs CACTEMa OPTOrOHAJIBbHA B pocTpaHcTe Ro([—m, 7], R):

1, cosz, sinz, cos 2z, sin 2z, ...
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8.5. Psaj B mpocTpaHCTBe KBaJIPATUYHO-UHTErPUPYEMbIX (DYHKIUN U €ro CXOAuMOCTh (OmpeiesieHue).

Mur orpenesjdeM CXOAUMOCTD PgA/ia B IIPOCTPaHCTBE KB-HO MHTErD. (I)yHKLH/Iﬁ TaK:

- N
an cxomureas <= f € Ry : ||f*an|| mo

n=1 n=1

o0

[Ipu stom f — cymma psiia B Ro, TO ecth f = E fn. DTO HOBBIIT BT CXOIMMOCTH — HE IIOTOYEYHAS WJIN PABHOMEDHAsI, a

2nl

B CpeJHEKBaJIpaTUIHOM. C TOYKU 3PEHUA IIOTOYEYHON CXOAUMOCTHU DA BOO6H.[€ MOZKeT 6LITB pacxogdmuMcs IIpu TOM, 9TO
OH CXOOHUTCA B CPCAHECKBAAPATHUIHOM.

8.6. HerepI:IBHOCTb CKaJIAPHOI'O IIPOMU3BEAECHUA.

TeopeMa. Ecim Hf - an — 0; ||g _gn” — 07 TO <fnagn> - <f7g>'

Jloxaszameavcmeo. PaccMoTpuM MOy PA3HOCTH:

[(frrgn) = (F ) =[(fo = 1)+ [ (gn —9) +9) = (fL9)] <
<N = FrGn =D+ 1{fn = 9] +1{f,9n — g)| <& B cuny nepasencrsa Kommu-Bynsakosckoro

fn=fll-llgn—gll  <UFa—=FIl-lgll <IFN-llgn—gl]
|
o0 o0
Caencrsue (1). Ecm f = g fns 10 (f,9) E (fn,9)
R
2 n=1 n=1
Jokxasameavcmso.
N (e%S) ’
n=1 n=N+
—0
R2
1
N
=> fu ) + (D fnr9)
n=1 N+1
I — |
—0
(ITockoubKy psiJ CXOMUTCsI, TO OCTATOK CTpeMHUTCs B Ro K Hys0.) Ocrasnock TosbKo yerpeMurb N K 6eCKOHEYHOCTH.
|
Caencrsue (2). Ecimn {e,} — oproHopMupoBaHHas cucreMa u f = E n - €y g = g by - €n, TO {f,g) E an - by,.
Jokazameavemeso. JJokazxkeMm, MOJIb3ysICh TPEIBIYITUM CBOCTBOM:
o0 o0 o0
= ; b by ="b
= ap - <6n’g>7 en’ en7 kek enaek n:
n=1 k=1 k=1
|
8.7. PaencrtBo IlapceBajs.
oo (oo}
Caencrsue (3). Eciu f; E anen, 10 || f||* = g |an|?
2 n=1 n=1
Zloxazameavcmeo. Bocrosib3yeMcst PeIbIAYIIAM CJIEICTBUEM:
o0
2 2
LfII7 = E an - ay, = |an)|
n=1 n=1
|
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9. A6Gcrpaktabie psigbl dypbe. Kosdduruentsr u psaapr @Pypoe (onpenesnenue). Koadbdu-
nueHTbl U psig Pypbe 110 CTaHAAPTHO#N TpUTrOHOMETpHUUecKoil cucreme Ha [—7; 7. Jlemma
o nepnesaukyiasape. HepaBeuncTtBo Beccesisi. VI3 MOMHOTHI ITPOCTPAHCTBA CJIEYyET CXOAM-
MocTb psiga @ypbe. Pag n yactuunasa cymma psjga Pypbe Kak HaWJIydiliee MpubIn>KeHmne.
ITonnast oproroHanbHas cucrema (onpeaenenune). Kpurepun moIHOTHI OPTOrOHAJIBHOM
cuctembl (MIPeAICTAaBUMOCTD JIFO60TO 37emeHTa ero psiom Pypwe; paBencrBo Ilapcesasisi;

OTCYTCTBUE€ HEHYJIEBOIo 3dJieMeHTa, OPTOrOHAJIbHOI'O BCEM 3dJIeMEHTaM CI/ICTeMI)I).
9.1. Kosdbdunuenrsr u psiasl @Pypbe (onpeaeneHue).

Beeném ciemytomnue obo3nadeHust:

{l.} lU,ls, ... — oproroHasbHasi cucrema (6e3 HyJIeBBbIX JEMEHTOB )
{en} e1,€2,... — OPTOHOPMUDPOBAHHAs CHCTEMA
o0 o0
3amMernm, 4TO f = E aply, 1 lk = E Onkln. Bocmosib3yemces ciieicrBueM 2 U3 HENPEPBIBHOCTU CKAJISIPHOTO [IPOM3BEICHUS.
n=1 n=1

3recy Oyaer He60ﬂbmoe OTJINYMEe — TaK KaK HAIlla CHCTEeMa OPTOTOHAJLHA, & He OPTOHOPMUPOBAHHA, TO B IPOU3BEICHUN

nossuTcs |1, ||%. Pacmmmen:

(f:1ln)
111>

(folk) = Zan- s lnl? = an - ]2 = an =

(f,ln)

TNE — ko3dbunmenTbl Pypbe v1emenHTa [ 10 OPTOrOHAJBHON crCTEME [y, .
n

Onpenenenue. a, =

(i),
AR

Omnpenenenune. B coorBercTBHE 3/1eMEHTY f CTABUTCS PSIT E — pag @ypbe (ss1emenTa [ 10 OPTOrOHAIBHOM

cucreme Iy, ).

fila),

RS

O6ozHauenue. f ~ Z

Mps1 oka He MOXKEM TyT HUCATH 3HAK =, [IOTOMY 9TO eIé He JOKA3aJIN CXOAMMOCTh Psifia XOTs ObI B Ra.
9.2. Kosddunuents: u psig Pypbe Mo cTaHAAPTHOW TPUTOHOMETPUUIECKON cucreme Ha [—; 7).
Paccemorpum crteyornyo opTOroHaJ IbHY CHCTEMY:

1, cosx, sinx, cos 2x, sin 2z,

st Takoit cucTeMbl ecTh Ba Tuna Kodddurumentos Oypoe:

ap, = % f(z)cos(nx)dz, n €N
1
bn:; f( )sin(nz)dr,n € N

—T
Torma mam pag Pypbe st 3j1eMeHTa [ [0 CTAHJAPTHON TPUTOHOMETPUYECKOH cucTeMe (IIOMHUM, YTO HOPM& €JIMHUILI —
9TO V 27, TIOSTOMY G HAJO JIOTOJHUTEBHO MoenTh Ha 2. Eciin HenmoHsaTHO, 0OpaTuTe BHUMAHUE Ha, OIpeeeHne Koaddu-

muenToB Pypbe u Ha oupezieeHue a,):

f~—= —|— Z ap cosnx + by, sinnx)
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9.3. Jlemma o meprnieHAUKYJIsIpe.

o~ (o),
Teopema. Ilycrs [ ~ Z ||l’ TER

sstementamu {l,} u HO,HHpOCTpaHCTBy, SIBJISIIONIEMYCSl €0 3aMbIKAHUEM.

= f Torma h = f — f'Lf u Boobme L momIpoCTpancTBYy, HOPOXKISHHOMY B Ro

Lloxaszameavcmeo. PaccmoTpuM pa3HOCTD:

f E g
||l H2 )
IIo crmencrBusiM 1 1 2 HEMPEPBIBHOCTU CKAJISIPHOTO ITPOU3BEICHUS:

(1) = (1) — Zjﬁ’@«m (o) <ﬁ;l|f2>-<zk,zk>=o
n=1 n

o0

Crenosarenbho, (h, f'Y = 0 u Boobme s 9= Z ay, - 1y, Bepuo, uro (h,g) = 0.
n=1
N
Bomee Toro, ecmm g = ngnoo Zlaann, TO Tak Kak (h, Z annln) =0 = (h,g) =0. [ |
n

9.4. HepasencTBo Beccess.

() )l

Teopema. Psn Z I NE CXO/IATCS ¥ CIIPABETHBO HepaseHcTso || f||% > Z | TAE

Jlokazamenvcmeo. Pacrmmen || f|?:
oo ‘2

AP = 1f = £+ f12 =1 = £ LET= 11 = £+ 117 = 117 = [pasencro Tapeesans] = Z ||l Hz

OTcroia aBTOMATHIECKH CJIE/IyeT YCJIOBHE TeOpeMbl (MbI MOKA3aJl HEPABEHCTBO, & CXOIMMOCTD Psijia CJIEyeT U3 TOTO, UTO
!
ero cymma pasma || f/[|%).
[ ]

9.5. W3 noJHOTHI IPOCTPAHCTBA CJIEAYyeT CXOAUMOCTh psana Pypoe.

Teopema. Ecim mnpocrpancTso nosmoe, To pajg Pypbe JI1060ro sjeMenTa f CXOAUTCS K HEKOTOPOMY 3djeMeHTy f' aroro

IIPOCTPAHCTBA.

Lloxaszameavcmeo. Bocnonb3dyemcst kpurepueM Kommu. [lo pasenctBy Ilapcesans:

R () R LR
Ve>03N:Vm>NVk = || Y S |2 = Z

il (I N H2
G ) ESTANS
Ho no mepasenctBy Beccesns psin CXOUTCs, 3HAYNUT, ’ <e.
||l 12 N
n=1 n=m

{fs1n)
<l ll?

(B mosiHOM TIpOCTPaHCTBE JI06ast DyHIAMEHTATbHAS HOC.He,HOBaTe.HBHOCTL 3JIEMEHTOB IIPOCTPAHCTBA CXOJIUTCS K HEKOTOPOMY

CJIe,ZLOBaTeJIbHO IIp1 yCJIOBUU ITOJTHOTHBI IIPOCTPAHCTBA E ln CXOAUTCA K HEKOTOPOMY 3JIEMEHTY IIDOCTPaHCTBa

9JIEMEHTY ITOI'O [IPOCTPAHCTBA).

Ecmu f € R, To f' € Ly — nononnenue npoctpanctsa Ry (mpocrpanctso Jlebera).
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9.6. Psan u yactuynada cymma psaga Pypbe Kak HaWrydlllee IIPpUOJIM>KEeHNeE.

Teopema. Eciu f ~ Z (f,1ln)

A0E
o0
9z > anl,
n=1

Joxasamenvcmso.
If=gl> =1 =)+ =P =1 = FLF =g == FIP+If —al> = = FII

VY Hac HOJIyYHIOCh, YTO PACCTOSIHEE MeXK Ly 3/aeMenTamu f u g 6osbine paccroguus Mexxay f u ') ro ects || f—g|| = || f — f'|l

! !/
- = f', mo f' amnaserca HammydmmMm npubaMKeHueM st f CpeIu BCEX SJIEMEHTOB
2

(B KaKOM-TO CMBICJIE f/ — 39TO IIPOEKIHUA dJIEMECHTa f Ha IIPOCTPaHCTBO BCEX g)

9.7. Tlosnasi opToroHajbHas cucrema (omnpeznesieHue).

Onpenenenne. Oproronaibaas cucrema {l,} HasbiBaeTcsa MOJHON B ipocTpancTBe Ro, eciu Vf € Ro
N
Ve>03{a,} CC,NeN:|f— E aply|l < e
n=1
9.8. Kpurepum moJHOTHI OPTOrOHAJIBHON cuUCTeMBbI (IIPEeACTaBUMOCTD JIIOGOTO 3jieMeHTa ero psiaoMm Pypbe;

paBeHcTBo IlapceBasis; OTCYyTCTBUE HEHYJIEBOTO 3JIEMEHTA, OPTOrOHAJIILHOIO BCEM 3JIEMEHTAM CHUCTEMBbI ).
Teopema (Kpurepuu 1oHOTBL OpTOroHa bHON cucreMbl). Cileyronuye yrBepKIeHHs PABHOCUIIbHDL:

a) OproronasnbHas cucrema {l,} nonHasi B R

S I,
b)vaRQ fZE <|fll;||2>-l'n
n=1

d) B nmosHoM npoctpanctse Lo Her asemenTa g # 0 (T.e. ||g]| # 0), OpTOroHAIBHOrO BCEM ;.
Lo

,ﬂomwame/wcmeo.

e () = (b). Pa3 cucrema mosHas, T0 1000 37€MEHT MOXKET OBITH CKOJIBKO YIOJHO TOYHO IPHOJIMZKEH JIMHEHHOI

K0M61/1Ham/1e171 opTOFOHaﬂbHOI‘/’I cucrembl. Ho tak kak psiyy @ypre — nHawmyuinee npubimkenue sjiementa f, to ||f —

Zanl l<e = |If - Z T ”2 Iyl < e. Buauut, pag Oypbe cxomures K f.

e (b)) = (a). Ecom sobas dynkius pasaa cymme cBoero psizia @ypbe, To aBTOMaTUIecKu Jo0yi0 (DYHKIUIO MbI MOXKEM
[I0 HOpMe [POCTPAHCTBA Ro IIPEICTABUTH CKOJIb YIOJHO TOYHO JIMHEHHOW KOMOUHAIMel 3/1eMeHTOB [, (MOYXKHO B3SITb

YACTUIHYIO cyMMy psiia Pypbe).
e (a) = (¢). a = b, a B upouuiom 6miere nokasaau, uro b = c¢. (cM. pasencrso [lapcesais)

e (¢) = (b) Bomosneno pasencrso ITapcesasst. Paccmorpum:
2

N
Z At Lo #1712 = 1 ~ £7Lfs 10 seopeste Tngaropa] = [

£ !

Ho rax xax || f'||> = Z f i |Z “lp, TO

n=1

al f |
) 2 2
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=0
N

—
ln

e (a) = (d). Ot uporusroro. Ilycts gL Bcem I,,. Torma g = E <||%’ ||2> = 0, To ects ||g]| = 0.

2 n=1 n 2

o ln
e (d) = (b). Conocrasum smemenry f ero psy ®@yppe: f ~ Z <||J;’|2>

n=1

l, = f € Ly. Paccmorpum f — f'L Beem
lh = f—f = 0 110 YCJIOBUIO TEOPEMBI.
2

10. Tpuronomerpudeckuii psajg @yppe. Teopema 0 CXOAMMOCTU TPUTOHOMETPUYECKOTO Psijia
dypbe B cpeaHe-KBaapaTudHOM (6e3 HoKa3aTesbCTBa MOJHOTHI TPUTOHOMETPUYECKOM
cucrembl). IIpeacraBienue yactuanoii cymmsl psaa @ypwe depes sigpo dupuxiie. Jlem-
ma Pumana. YcioBue /IluHu U Teopema o moTodevdHoii cxogumoctu psjga @ypowe. Paszio-

2KeHUe sin B 0eCKOHeYHOe IMPOou3BeJeHueE.

Jlexnuu 3.8 (upumepo c gaca) u 3.9

10.1. Tpuronomerpudeckuii psiz Pypbe

Tpuronomerpuueckas cucrema: {1, cosz,sinx, cos 2z, ... }. Pax ®@ypbe, KOTODBIii 110JIb3yeTcs MMEHHO ITON CUCTEMOI, 1 sB-

JIA€TCA TPUTOHOMETPUIECKUM.

10.2. Teopema 0 CXOAMMOCTU TPUTOHOMETPUYECKOro psiga @ypbe B cpefHe-KBaapaTudHoM (6e3 oKa3arelib-

CTBAa MOJIHOTHI TPUTOHOMETPUYECKON CUCTEMBI).

Eciu tpuronomerpuaeckas cucrema {1, cosz, sinx, cos 2z, . .. } moana B Ry ([—7, 7|, R) (a 970 Tak, Ho 6€3 10Ka3aTEIHCTBA),

TO:

1. Vf € Ry psan @ypoe cxomurest B Ro K f. (DTO He MOTOUEUHAST CXOIMMOCTD, & CPeJHEKBApATHIHAs! )

o0
f(x) = % + Z (an cosnz + b, sinnw)
2 n=1

2. Bommosnasercsa pasenctso [lapceBadis

1 (7 a? >
- B fQ(x)dx = ?0 —|-nz::1 (ai +b,21)

Ecmu dynakuns ve 8 Ry ([—7, 7], R), a B Re ([-m, 7], C), To

o) ' 1 P 4
— - 'I/I'l./L‘7 " — —’L'I?,.Td
f(z) = E Cne TAe Cn = 5o » f(x)e x

n=-—oo

, a paBeHcTBo [lapceBasist BBITISAINT KaK
1 (7 >

P |f(z)Pde = Z |en|?

2 J_,

n—=—oo
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10.3. IIpencraBjeHHEe YaCTHUYIHOM cyMMbI psiia Pypbe depe3 sapo dupuxiie.

fil-m7] =R

— HIPOJAO0JIZKaeM IMEPUOJANICCKN Ha BCIO BEIIECTBCHHYIO IIPAMYIO, PA3PbIBBI HaM 3/I€Chb HE CTPAITHBI

n n
Yacruunas cymma Pypee S, (z) = ?0 + Z (ay cos kx + by sin kx) = Z cpett =
k=1 k=—n
(1
= Z <2 f (t)e Zktdx) et = cymmuposanue Konewnoe, noOIMOMY 3AHOCUM M00 UNMEZPAL =
™
1
= L " f0Dua—at = (4
o intlu _ g—inu [ L sin (n+ 1) u — Snpo dupuxie.
W= ehn ¢ m ) _smnko)u oy 71po AAup
= e —1 7z sin 5 u Hoonpenennnu taMm,
Dy (u) =2n + 1, u = 27k | rme morpeborasoch
1 s
Ceoiicrsa: D,,(u) 27 nepuogmaeckasi; D, (u) =, (—u); Py Dy, (u)du =1
T
T T+x
Bamernm, uro ecau g(t) — T nepuopmaeckasi, TO / g(t)dt = / g(t)dt
0 x
1

/
),

T+ ™
f() o=t = =a=ty5- [ fa— 00D =5 [ fa =)D, @) -

—T

Fl@ — YD (#)dt + — f(x—t) ()dt—{t*:_t/}:

2m ceBa

flx +t")D,(t*)dt" + %/0 f(z —t")D,(t')dt' = nepeoboznasmm t = % /OTr D) (flx+t)+ f(xz—1))dt

10.4. Jlemma Pumamna.

JIemma. Ecin f(wi,ws) — R (6eckonednocTu T02K€e MOYKHO) JIOKAJILHO HHTErpUpyeMa (MHTerpupyeMa Ha JI060M HOI0TPE3Ke)

1 abCOJIFOTHO MHTErpupyemMa XoTsi Obl B HECOOCTBEHHOM CMBICJIE Ha BCeM (w1, ws), TO

"~ fw)e

wi

Jokasameavemeo. Tak kak f abcomoTHo nHTErpHpyema, d|a, b C (wy,ws) :

B pp—
A—00

< €. YTBep-

/:2 f(z)e?dx — /ab f(z)e?da

AKIATH TaK MOKeM moToMy 4to | f(x)e?| = | f ()] = f(= ) AT rowke abe. WHT.

Paccmorpum mHmzkmioro cymmy Hap6y: 0 < / f(z)dx — Zm] Azx; < €. 3aech Bo3HUKaeT pasbueHne ¢ = o < 1 < Tp <

j=1

- < xp, = b. llocTpouMm 1o HEMY KYCOUHYIO (DYHKITIIO

mi, x € [zg, 1)
msa, x € [z1,22)

3aMerumM Torzga, 4To

b
)ei)\wdx_/ h zka,dx

/\f \|eW|dx—/ (@) — ha)|dz < ¢

Hapby!

Paznoxkum h(z) mo gacrsaM

pPykKamMun B3}IT]) I/IHTCFpaJI

b n Zj
h(x)ez)\xdx _ E z)\md § 7.)\m_7~ _ el)\m]‘_l) 0
a X T A—00
j=1 j—1

=1

Tak Kak Bce MHOYXKHUTEJN TOJ CyMMOI OTDAHWYEHBI, N OT JAMOIbI HE 3aBUCHUT, & MbI €IIe JeJNM Ha OECKOHEIHO OOJIBIIYIO

MO TY
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A Temeppb BCIOMUHAEM Te HHTETrPAJIbl, KOTOPbIE OTJIMIAIOTCS JIPYT OT JAPYra Ha CKOJIb YIOJHO MAJIYIO0 BEJIHIUHY:

b . b . w2 .
/ h(z)edr —0 — / f(@)e™dr -0 — f(x)e**dz — 0

w1
|

Ha camom JeJie (byHKL[I/ISI MOXKET OBLITH U KOMHJIGKCHOBHaHHOIU/I, JJIgd 3TOro mpuaeTcda paCKpPbIThb €1>\3c Ha CHHYC U KOCHHYC

u cuioit pyk mocumrarh. [logydaercs u BermecTBeHHasi 4acThb f (a:)e”‘m OyJleT MHTErpUpOBATHLCS B HOJIb, U KOMILIEKCHASI.

JlokazaTeabCTBa 9TOTO HEe TPeOYyeTCst, HO CTOUT 3AIIOMHUTD JIJIs CJIEIYIONIErO IIYHKTA.

10.5. VcaoBue duHu m TeopeMa 0 MOTOYUYEUHOM cxoamMmocTu psina Pyphbe.

N N
. ao .
3amomante IIMUniankm, E cpe'™ = 5 + E (an cosnx + by, sin nx)
n=—N n=1

Teopema. Ilycrs f: R — C 27 nepuopnueckasi (XOTsi MOKHO U JIPYTOH IIEPUOJL, HO MbI yIIPOIaeM cebe KU3Hb ), aGCOTIOTHO

UHTErpupyeMasi Ha [—7, 7| U yJOBJIETBOpSIeT B TOYKE Z( yCJoBuiO JIuHu:

1. 3f(zo £ 0) — KoHEUHBIE

2. 3e>0: /€<f($ot)f(x00)+f(xo+t)f(:1:o+0)
0

) dt — cxomuTcs abCOTIOTHO

t t
o~ ineo _, (@0 = 0) + [0 +0)
Torna paszioxenue Pypbe GyHKIUU f CXOAUTCS B TOYKE T(: Z cpe't0 — 0 5 0
n=—N
Lloxaszamenvcmeo. TyT HECTOXKHO, HO MHOTO TTUCATD
2 [T sin (N+%)tdt
f(x() — 0) + f({L'o + 0) o 0 sin%
Sn(zo) — 5 =
L sin (N +3)t flwo—0)+ f(eo+0) 1 [T sn(N+1)1
= — —t t dt — S dt =
27 Jo (f(@o )+ fl@o+1)) sin% 2 2w /,7T sin%
1 [7 sin (N + 1)t =1
=3 ((f(xo—t)‘i‘f(»%‘i‘t)) - (f(xo—O)—i—f(a:o—l—O)))(,itQ)dt:
T Jo sin 5
1 (7 —t) — — t) — t 1
:7/ f(@o — 1) — flzo 0)+f($0+) f(xo +0) "o (Nt L) ta 0 1o Puviary
T Jo t t 2sin 5 2 N—oc0
abc. uHT. 1o ycsjoBuio Juan 1 npu t—0 ~Im eiMt

BﬂeCB B IIOCJIE/THEM IIEepexXo/ie KaK pa3 ObLIIO MaxaHue PyKaMu IIpO KOMILJIEKCHbIEC 3HaAY€HUI, 00'bSICHSIETCSI YTO “eCJI OYEHb

3aX0TeTh, TO MOXKHO U JOKA3aTh, HO JOJIIO W HEMHTEPECHO [ ]
Onpepnesenne. Pyukiys f : [a,b] — C HasbBaercs: KycouHo-uddepeHIupyeMoit, ecn

1. MHOXKeCTBO TOYeK pa3pbiBa M KOHEYHO, U KaxKiasd TOYKa pa3pbiBa IIEPBOTO POja (CJIeBa CIpaBa Pa3Hble KOHEUHbBIE

3HAYECHU )
2. @yuknus quddepennupyeMa Bo Bcex ToYKax x € [a,b] \ M
3. Vg € M cymecTByIOT KOHEYHBIE JIEBasd U [IPaBasi IPOU3BOJIHBIE.

Kycouno-muddepeniupyemast GyHKIINS yI0BIETBOPIET yeaoBuio uwHu, deM ceifiiac 1 BOCIOIb3YEeMCs

10.6. PazioxkeHue sin B 6ecCkOHeYHOE MTpPOu3BeaeHUE.

Pacemorpum dyukiuio f(x) = cosaz, [—m, 7], |a| < 1. IleproauyaecKu npoJO/KUM Ha BCIO BEIECTBEHHYIO IIPAMYIO, HOJIY-

quTcs KycouHo-mauddepennupyemMast (GYHKIUs. A 3TO 3HAYUT, YTO C MOJydIeHHBIM psigoM Dypbe Oyer paBeHCTBO.
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Oyukius derHas, nodromy b, = 0.

1 /’T (=1)"sinma 2a

ap = — cos ax cos nrdx = 5 5
T T a?—n
2asinwa [ 1 = (=1D)n
cosaz = — —— (W + g o3 3 CoSna | BepHo Vo € [—m, 7]
n=1
1 2ao~ 1
r=m: ctgna— — = — 5 5 CXOJIUTCsl PABHOMEPHO 1Y a € [—ag, agl; ap < 1 — npounrerpupyem! (8 a = 0 joomnp. )
Ta T a’?—n

n=1

v 1 I [* 2a
ctgra — — | da = — g ———da  unTerpupyeM 0be CTOPOHBI
0 mTa ™ 1 0 a< —n

n=1
. (o) 2
sin mx T
= H <12> HY BOT U BCe
™ n
n=1

11. Tpuronomerpudeckmuii psaga Pypbe. Teopema o modyseHHOM audHepeHINPOBAHUN Psiga
®ypbe. Teopema o cBsA3u ri1agKocT GYHKIUU U CKOPOCTU yObIBaHUs ee KO3 PUIINEeHTOB
®ypbe. Teopema o cBsaA3U r1aKOCTU (PYHKIINA U CKOPOCTU CXOJMMOCTH ee psja Pypbe.

TeopeMa O ITIOJIHOTE TpI/II‘OHOMeTpI/I“IECKOI.;I CUCTEMBI.
11.1. Teopema o mousenHoMm auddepeHnupoBanunu psga Pypbe.

Teopema. Ecin nenpepeiBras dyukius f € C([—m; 7], C), npuarMaromas Ha KOHIAX OTPe3Ka [—; 7| paBHble 3HAYEHWUS,
o0
inx

Te. f(m) = f(—m), Kycouno menpepbiBHO quddepentupyema Ha [—m; 7], To pag Pypbe ee TpousBoaHOlM [/ ~ Z en(f) e

— 00
o0
MOXKET OBITH HOJIy4deH (OpMaJIbHBIM JauddepennupoBanuemM psiga Pypbe camoii pyHKImu f ~ E en(f) - €%, To ectn
— 0o

nonyuaem ¢, (f') = inc,(f),n € Z.

Joxazamenvcmeo. W3 onpenenenus kosbdurmentos @ypbe (9.1.) MHTErpUPOBAHUEM IO YACTAM HAXOIAM

nlf) = o= [ F@e e dn = =y

~or o 2m

+i£ /Tr f(x)e ™ dx = inc, (f), Tx. f(m)e” "™ — f(—m)e'™™ = 0.

—7 —T

11.2. Teopema 0 cBsi3U INIAAKOCTU (PYHKIIUU U CKOpOCTu yObIBaHusi ee KodddpurmeHToB Pyphe.
Teopema. Ilycrs f(x): [—m; 7] — C Takosa, uro

1) dyukmust (m — 1) pas nenpepbiero quddepennupyema Ha [—m; 7], m € N,

2) f®(—n) = f®)(x) upu Beex k =0,1,...,(m — 1),

3) dyukums (m) pas KycouHo—HenpepbIBHO quddepeHnupyema (Ipyrumu cioamu: f(x) uMeer Ha [—7; 7| KyCOUHO Helpe-

PBIBHYIO ITPOU3BOIHYIO f (m) HOpsiIKa M),

1 S
rorga ¢, (f™) = (in)™ - cn(f),n € Z u |en(f)] = |7j|m =0 (nm> , upuaeM Y, = |en (f7™)] 1 pag ny?l CXOJUTCA [IPU

n — oo,n € Z.

Jlokasamenvcmeo. IlepBoe COOTHOIIEHUE TIOJIYIa€TCsl B PE3yJIbTaTe m—KPaTHOTO UCIOIb30BaHUs paBeHcTBa ¢y (') = inc, (f)

(w3 mynkra Bome): ¢, (f™) = (in) - en(f™) = = (in)"en (f).
oo
1 ™
Bropoe COOTHOIIEHNE TI0JIyYaeTcsi ¢ yu4eToM HepaBeHcTBa Beccesst (9.4.): Z len (F™)]2 < by / | £ 2(z) da — 10 wmcio
™ —T

o0 (o)
1
_ (m) (m)\|12 _ 2 _
n - n 07 n - . C k) n - .
= Y, = len(f")] = 0, u psag ;OO len ()] ;00 ~v: cxoaurest. CregoBaresbHO, ¢ (f) = 0 (nm>
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11.3. Teopema o cBA3M IIaAKOCTU (PYHKIINU U CKOPOCTHU CXOJUMOCTHU ee pana Pypwe.

Teopema. Eciau f(z) : [—7; 7] — C rakosa, 410
1) dyuknus (m — 1) pa3 HenpepbiBrO jJuddepennupyema Ha [—m; 7], m € N,
2) f®(=x) = f®(x) upu Beex k =0,1,...,(m —1),

3) dyukius (m) pas KycouHo—HenpepbIBHO JuddepeHnupyema (Ipyrumu cioamu: f(x) uMeer Ha [—7; 7| KyCOUHO Herpe-

pBIBHYIO npon3soanyio £ mopsika m > 1),
10 psiyi Pypoe dyuruuu f cxonurcsd K f abCONIOTHO U PABHOMEPHO Ha OTPE3Ke [—7r; 7], IpudeM OTKJIOHEHUE N—il 9aCcTUIHON

cyMMBl Sy, (z) paga @ypee or f(x) Ha BceM orpeske [—m; w] umeer oneHKy |f(x) — Sp(x)] < ;7"1/2, [Jie €y — CTPEMSIIIAACS
=

K HYJIIO IIOCJIEJ0OBATEJIbHOCTD ITOJIOXKUTEJIbHbIX YUCEJ IIPDU N — OQ.

Jokasameavemeo. Jactuanyio cymmy psina @ypbe(9.6.) sanumem B KomnakTHO dopme: Sy, ( E cr(f ”“”.

B coorBercTBUE ¢ ycooBUSME Ha Q)yHKumo f uno TeopeMe O CBSI3M TJIAIKOCTU dpyHKm/m u CKOpOCTI/I yOBIBaHUs €e KO-

—_

W 5 < ) 0 HEPABEHCTBY O

cpenHeM 1 m 2> 1, nMeeMm g W < 00). 3HAYUUT, TOCIETOBATENBHOCTD Sy, (Z) Ha OTpe3Ke [—T; 7| pABHOMEPHO CXOMTCS TIO

dunuenros Pypre nmeem: |k (f )| = | k\m’ mputeM Z | k|m < 00 (mockoibKy 0 <

MarKOpaHTHOMY TIpH3HAKY Befteprrpacca ansa panos (mimm kpurepuio Komm st HocneAOBaTeanOCTeﬁ).

B cuity moctaTouHOro yesosus cxogumocTh psaga @ypbe B Touke npesen S(x) mocaenosarenasroctn Sy, () copnagaer ¢ f(x),
HOCKOJIBKY (DYHKIMs [ yI0BIE€TBOPSIET yeJaoBusM JInHN B KaxK 10l Touke orpeska [—m; 7] u T.K. f(—m) = f(7) , To dyHKIws
f mepmomuaecku npogoskaercs Ha R ¢ coxpanennem ycouii Jlunu B r060it Touke x € R.

[Tepexomum K onenke. Vcnosb3yem mnocsennee paBeHCTBO 3 KOHIA (hOpMyInpoBKH Teopembl 11.2:

f(z) = Su(@)| = |S(@) = Su(@) = | Y (D™ < Y le(HI= D T <
+k=n+1 +k=n+1 +k=n+1
o 1/2 o 1/2
< Z ’Y]% Z 1/k2m
+k=n+1 +k=n+1

o

IlepBbIit MHOXKHUTEL B TPABOM YacTH HepaBeHCTBa Komu—-ByHAKOBCKOTO CTpEMUTCS K HYJIIO IPA N — 00, T.K. E 7,3 < 00.

—0o0
Haiee (cm. puc.104) orenka:
> dx 1 1
Z k2m S 22m o — ] p2m—1
k=n+1
y
1
| f (x): x2m
|
| I
| I | \
| | | \
0 n n+l X
Puc. 104
Takum 06pa3oM, MOTYyHIAETCS TO, UYTO U YTBEPXKIAET TeOpeMa. |
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11.4. Teopema 0 IOJITHOTE TPUTOHOMETPUUIECKOII CHUCTEMBI.

Teopema. Jlobas yuxius f € Ro([—m; 7], R) (T.e. f mnrerpupyema na job6om orpeske [a;b] C (—m;7) u f?(x) unrerpu-
pyema XoTst 66 B HeCOOCTBEHHOM CMBICJIE HA OTPE3KE [—7; 7|) MOXKeT OBITH CKOJIb YTOAHO TOTHO TPUOJIMZKEHA (MO—HAY THOMY:

APOKCUMUPOBAHA) B CPEIHE—KBAPATHYHOM TPUIOHOMETPUYECKUMHU MHOIOYJIEHAMU.

Hoxazameavcmeso. Jliobyio dyukimio f € Re MOXKHO CKOJIb YIOJHO TOYHO NpuOimn3uTh (GuHuTHONU DyHKINEH g € Ro Ha
[—7; 7], uaTerpupyemoit o Pumany Ha 3roM orpeske (dbyHKIus g HasbBaercst gurumuol Ha [—T; 7|, ecau cymiecTByeT
[a;b) C (—m;m) m g =0 npu x € [—m;w]\[a; b]). PyHKIWMO g MBI IPHOIHZKAEM KYCOTHO IIOCTOSTHHON (yHKImel h Ha oTpeske
[—7; 7). @yuknuio h npubiuzKaem JoMaHHON (DyHKIWE [, KOTOpas Ha KOHIAX OTpe3ka OyJer pasHa Hy/o. Torma jomannas |
— 9TO KyCOYHO HelpepbiBHaAs nuddepeHIupyema GyHKINs, 1 OHA CKOJIb YTOJHO TOYHO MPUDJIMIKAETCS TPUTOHOMETPUIECKIM
MHOTOUIEHOM. VI3 Bcero aroro mosydaeMm, ato jobas yHkius f € Ro 10 HOpME MPOCTPAHCTBA Ro CKOJIb YTOTHO TOYTHO

HpI/I6.HI/I)KaeTC$I TPUTOHOMETPUYIECKUM MHOI'OY1JIEHOM. |
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